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Abstract

We introduce novel hypothesis tests to allow for statistical inference for density ratios. More pre-
cisely, we introduce the Density Ratio Permutation Test (DRPT) for testing Ho : g « rf based on
independent data drawn from distributions with densities f and g, where the hypothesised density ratio
r is a fixed function. The proposed test employs an efficient Markov Chain Monte Carlo algorithm to
draw permutations of the combined dataset according to a distribution determined by 7, producing ex-
changeable versions of the whole sample and thereby establishing finite-sample validity. Regarding the
test’s behaviour under the alternative hypothesis, we begin by demonstrating that if the test statistic is
chosen as an Integral Probability Metric (IPM), the DRPT is consistent under mild assumptions on the
function class that defines the IPM. We then narrow our focus to the setting where the function class
is a Reproducing Kernel Hilbert Space, and introduce a generalisation of the classical Maximum Mean
Discrepancy (MMD), which we term Shifted-MMD. For continuous data, assuming that a normalised
version of g — rf lies in a Sobolev ball, we establish the minimax optimality of the DRPT based on the
Shifted-MMD. For discrete data with finite support, we characterise the complex permutation sampling
distribution using a noncentral hypergeometric distribution, significantly reducing computational costs.
We further extend our approach to scenarios with an unknown shift factor r, estimating it from part of
the data using Density Ratio Estimation techniques, and derive Type-I error bounds based on estimation
error. Additionally, we demonstrate how the DRPT can be adapted for conditional two-sample testing,
establishing it as a versatile tool for assessing modelling assumptions on importance weights, covariate
shifts and related scenarios, which frequently arise in contexts such as transfer learning and causal infer-
ence. Finally, we validate our theoretical findings through experiments on both simulated and real-world

datasets.

1 Introduction

In modern statistical applications, it is increasingly common to encounter multiple datasets originating
from different sources (Koh et al., 2020). Consequently, significant efforts have been devoted to developing
methods that effectively combine these datasets to address various inferential tasks (see Storkey, 2009; Weiss
et al., 2016, for surveys in transfer learning). For example, we may wish to draw inferences about a test
data population, even when some of our training data come from related but distinct distributions. Such

challenges are prevalent in many practical scenarios. For instance, in the context of Large Language Models,
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thoughtfully incorporating human-authored data alongside model-generated content during training helps
maintain diversity and enhance overall performance (see Ji et al., 2025, for a survey). As another example,
in medical applications, practitioners might be interested in making predictions in a particular experimental
setting or using specific equipment, while also utilising data collected under different conditions or with
alternative tools (see Guan and Liu, 2022, for a survey). To develop statistical procedures that fully utilise
the information from all samples, it is crucial to make specific assumptions about the relationship between
their distributions. In this regard, a widely adopted and effective approach is to leverage knowledge of the
density ratio — commonly known as the importance in the importance sampling literature (Tokdar and Kass,
2010). This ratio can be used to implement importance weighting techniques (e.g. Kahn and Harris, 1951;
Horvitz and Thompson, 1952; Owen and Zhou, 2000), which assign varying weights to data points to correct
for biases and emphasise relevant observations.

More precisely, focusing on the case of two independent collections of i.i.d. samples, suppose we have
access to two distinct datasets, each coming from a different distribution, and the primary goal is to combine
the information from these datasets effectively. For instance, suppose we have data (Xi,...,X,) from a
distribution Py on a domain X and data (Y7,...,Y,,) from another distribution P, on a domain Y = X. To
integrate these datasets in a meaningful way, we need to make assumptions about the relationship between
the distributions. A powerful and commonly used approach is to assume that we know (or can estimate)
the density ratio g/f, where f and g are the densities of P; and P,, respectively, with respect to a common
dominating measure. This density ratio serves as a crucial bridge that allows us to connect the two distri-
butions and take advantage of their combined information efficiently. Applications of methodologies based
on the density ratio are widespread. They appear in nonparametric regression (Ma et al., 2023), efficient
estimation with additional incomplete data (Berrett, 2024), testing under distributional shifts (Thams et al.,
2023), quantile function estimation (Chen and Liu, 2013), reinforcement learning (e.g. Sutton and Barto,
2018), and adjusting for confounding or selection bias in causal inference (Robins et al., 2000). Another
significant area where density ratios play a vital role is in the machine learning domain, particularly in
tasks like domain adaptation and transfer learning, where distribution shifts between training and testing
data are common and can significantly degrade prediction accuracy. For a collection of ten datasets that
reflect diverse, real-world distribution shifts, see Koh et al. (2020). In such settings, it is commonly assumed
that train and test data originate from different but related distributions, with a prominent example being
the covariate shift assumption (Tibshirani et al., 2019; Jin and Candes, 2023), which attributes the entire
distributional shift to differences in the covariates. To formalise this, consider a regression or classifica-
tion problem with (X,Y) € 2V x ZPred C RY x R, where the training set Zyain = {(X!, Y, 7)}1 are
i.i.d. samples from f(x,y), and the test set Ziest = {( X[, V*5t)} et are i.i.d. samples from g(z,y). Under
the covariate shift assumption, the density ratio depends solely on the covariates, meaning there exists a
function 7 : Z° — RT such that g(x,y)/f(z,y) = r(x). This implies that the conditional distribution of
the predictor given the covariates remains invariant between the training and testing data (see Section 4.2,
Lee et al. (2024), and Hu and Lei (2020)). When this assumption holds, it becomes possible to enhance
predictive performance by reweighting the training data according to the marginal density ratio (see, e.g.
Gretton et al., 2009a; Sugiyama and Kawanabe, 2012).

While the covariate shift framework is reasonable in many practical applications, real-world scenarios

often involve more complex types of distributional shifts. As such, it becomes essential to have a statistical



procedure that can confidently determine whether the covariate shift assumption—or other similar assump-

tions involving the density ratio—is valid. In this paper, we address the problem of testing the hypothesis
Hy:gocrf, (1)

based on independent data X1,...,X,, ~ Py and Y3,...,Y,, ~ P, as introduced above. The (unnormalised)
density ratio r is treated as fixed here, though in Section 4.1 we extend the scope of our work to include
settings where r is hypothesised to lie in a parametric family and is estimated from data. Notably, if r is
constant, the hypothesis (1) reduces to that of the classical two-sample testing problem, a cornerstone of
nonparametric statistics (e.g. Ingster and Suslina, 2003). It is important to emphasise that our focus is not
on testing whether f = g based on an estimate of the density ratio; for this related problem, readers may
refer to Hido et al. (2011), Sugiyama et al. (2011), and Kanamori et al. (2010b). Instead, our results can
be seen as initiating a line of work in statistical inference for density ratios, important objects for which the
existing focus is on estimation guarantees. This literature was comprehensively reviewed by Sugiyama et al.
(2010); we discuss this work and recent advances in more detail in Section 4.1.

Our approach to assessing (1) centres on the novel Density Ratio Permutation Test (DRPT), which em-
ploys a suitable resampling scheme to calibrate any given test statistic. Permutation methods are widely
used in hypothesis testing, due to their guaranteed validity and strong power properties in both classical
asymptotic (Hoeffding, 1952; Lehmann and Romano, 2006) and non-asymptotic (Berrett et al., 2021; Kim
et al., 2022) senses. In two-sample testing permutations are used to approximate null distributions by ran-
domly reassigning observation labels, though our method introduces important modifications to allow their
use in our more general problem. Traditionally, permutation tests draw permutations uniformly at random,
which, in classical settings, is sufficient to satisfy the randomisation hypothesis—as discussed in Lehmann
and Romano (2006)—thereby providing exact control of the Type-I error. However, this conventional ap-
proach is not appropriate for our testing problem (1) since the two samples are not exchangeable under the
null hypothesis. We address this limitation by introducing a modified permutation sampling approach (Al-
gorithm 1), which produces permutations of (X7i,..., X,,Y1,...,Y,,) according to a distribution dependent
on the shift function r, restoring exchangeability of the true and resampled datasets under Hy and thus
ensuring finite-sample validity (Proposition 3). When r is constant, our method naturally reduces to the
classical permutation test.

This non-uniform permutation sampling approach represents a departure from standard methodology,

but aligns with recent developments tackling other testing problems, including;:

1. The tests of equality of distributions, given biased data, presented in Kang and Nelson (2009), which

will be discussed later;

2. The Conditional Permutation Test (CPT) developed in Berrett et al. (2020) for testing conditional
independence (Hy : X L Y|Z), which draws permutations based on the knowledge of the conditional
distribution of X|Z;

3. The framework proposed by Ramdas et al. (2022) for testing data exchangeability using non-uniform
permutation distributions. This approach can be seen as a dual to sampling non-uniform rearrange-

ments of indices, as it samples permutations uniformly but incorporates weights in the definition of



the p-value. While this methodology could theoretically be applied in our setting, its practicality is

limited by the need for an extremely large number of permutations.

An alternative approach to addressing the problem in (1) would involve using the knowledge of r to perform
importance sampling on (Xi,...,X,), thereby creating a sample from a distribution proportional to rf,
which can then be combined with (Y7,...,Y,,) to apply classical two-sample testing methods. This broad
strategy has been employed in works such as Thams et al. (2023) and Chau et al. (2024) for other statistical
problems. However, we intentionally avoid this approach as importance sampling typically results in a much
smaller effective sample size, leading to less powerful tests in practice. We will empirically validate this
claim in Section 5.1. Finally, we also mention the fact that our methodology also parallels recent advances in
conformal prediction under distributional shifts, where non-exchangeable data scenarios necessitate modified
approaches to maintain valid coverage (Tibshirani et al., 2019; Hu and Lei, 2020; Prinster et al., 2024).

Perhaps the most closely related work is Kang and Nelson (2009), which focuses on testing the null
hypothesis f = g based on biased data sampled from w; f and wsg, where w; and ws are positive functions,
instead of directly from f and g. Their method aligns with ours in that the p-value is computed by sam-
pling permutations according to a specific distribution dependent on w; and wy. They propose a sampling
algorithm for this distribution and analyse its asymptotic validity and power. In comparison, our sampling
algorithm (Algorithm 1) preserves the target distribution at each step, and results in exact validity for finite
sample sizes (Proposition 3). Additionally, we provide non-asymptotic, minimax rate-optimal power guar-
antees, going beyond asymptotic results. For more on two-sample testing under biased sampling schemes,
we refer readers to Navarro et al. (2003); Kang and Nelson (2008); Economou and Tzavelas (2013, 2014);
wen Chang and Wang (2023).

Finally, as mentioned earlier, there is an intriguing connection between our framework and the conditional
two-sample testing problem, recently explored in Lee et al. (2024). Suppose we observe two independent
samples {(XZ-(l),Y-(l)) o and {(Xl-(z),Y-(Q)) 72,, drawn from distributions P)%), = PWPY)  and P§{2) =

i i= 7 =1 X Y|X
PR PR

VX respectively. The objective of conditional two-sample testing is to test whether

M [ pM)
Py {PY|X

(1X) = PO (130} =1

holds. Assuming all distributions have corresponding densities, the null hypothesis f}(,ll)X(y | z) = f§,2|))((y | )
is equivalent to f)((lg,(x,y) = {f)((l)(x)/f)(?)(x)}f)%)/(%y), where f)%)/ and f)(<21)/ are the joint densities. This
demonstrates that our setup—while more general-—encompasses the conditional two-sample testing problem
when the shift function r corresponds to the marginal density ratio. Consequently, our methodology can
be applied to conditional two-sample testing, offering a novel permutation-calibrated test. Similar to the
density-ratio-based tests proposed by Lee et al. (2024), our method involves estimating the marginal density
ratio. However, while their approach requires a double asymptotic calibration—estimating both the marginal
density ratio and the null distribution of the test statistic—our method achieves an asymptotic calibration
by estimating only the marginal density ratio. For further detail and numerical comparisons, see Sections
4.2 and 5.2.



1.1 Outline

We now briefly outline our main contributions. In Section 2, we introduce a permutation test for the testing
problem (1), based on generating non-uniform permutations of the combined dataset according to a distribu-
tion determined by r. The test uses an efficient Markov Chain Monte Carlo (MCMC) sampler (Algorithms 1
and 2) to generate these permutations, producing exchangeable versions of the data and ensuring finite-
sample validity. This is formalised in Theorem 1 and Proposition 3, our main results on validity. Although
the permutation distribution is generally complex, in (7) we explicitly characterise it using Fisher’s Non-
central Hypergeometric distribution in the case of discrete data with finite support, significantly reducing
computational costs. These results are discussed in Section 2.1, with further power analyses provided in
Appendix B.

Section 3 is dedicated to a power analysis of the DRPT. We first show that, if the test statistic is an
empirical estimate of an IPM characterising the null, the DRPT is consistent under mild assumptions on
the function class associated to the IPM (Theorem 6). This builds on the fact that the permuted samples
asymptotically satisfy the null hypothesis (Lemma 7), in parallel with classical permutation testing theory.
We then focus on the case where the function class is a Reproducing Kernel Hilbert Space (RKHS). In
Proposition 8, we introduce the Shifted-MMD, a generalisation of the classical MMD which reduces to a
scaled version of it when r is constant. For continuous data, assuming that a normalised version of g —r f lies
in a Sobolev ball, we prove that the DRPT based on an estimate of the Shifted-MMD with an appropriate
kernel achieves minimax optimality (Theorems 9 and 10). This is the central theoretical contribution of
Section 3 which, as well as providing an optimal solution to testing problem (1), also establishes the first
minimax optimality results for test procedures based on non-uniform permutations. The analytic techniques
we have developed for studying the convergence properties of relevant Markov chains may have broader
applications, potentially extending to establish non-asymptotic power guarantees for other methodologies,
such as the CPT proposed in Berrett et al. (2020).

Section 4 presents extensions of our method: Section 4.1 addresses the case where the shift factor r is
unknown, and quantifies the inflation in Type-I error due to density ratio estimation error (Proposition 11).
Section 4.2 adapts the DRPT to the conditional two-sample testing problem. Finally, in Section 5, we vali-

date our methodology through a range of numerical experiments. All proofs are provided in Appendix A.

We conclude the Introduction with some notation that is used throughout the paper. We denote by R
the set of positive real numbers and by R>; the set of real numbers greater than or equal to one. We further
set N; = N\ {0}. The symmetric group of all permutations over the set [n] ;= {1,...,n} is denoted by S,,.
For a set A, we write #A to denote its cardinality. The maximum and minimum operators are sometimes
denoted by V and A, respectively. We define the support of a function f defined on a domain X to be
the closure of the set where f does not vanish, that is, supp f := {x € X' : f(z) # 0}. The set of bounded
and continuous functions on X is denoted by CP(X), and &, denotes the Dirac delta measure centred at x.
Given 1 < p < oo and d > 1, we define the LP norm of a function f as [|f|l, := (fza |f(:c)|pdx)1/p, and the

corresponding LP(R?) space as the set of all measurable functions for which this norm is finite. Furthermore,

| - loo denotes the essential supremum norm, that is, || f||ec 1= esssup,ega | f(2)], and L>°(R?) refers to the

set of functions that are bounded almost everywhere. Finally, we use C*°(X) to denote the space of infinitely



differentiable functions on a domain X', and Z for the complex conjugate of z € C.

2 Permutation methodology and validity

Let X = Y and n,m > 1. Suppose we observe a dataset Z = (X1,...,X,,Y1,...,Y,) C X" x Y™, consisting
of n + m independent random variables, where Xq,..., X, L Py and Y7,...,Y, L P,. Assume further
that Py and P, are absolutely continuous with respect to a common dominating measure ;. We propose a

refined permutation test designed to detect deviations from the null hypothesis
Hy:gxrf,

where the (unnormalised) density ratio r : X — Ry is assumed to be known. Notice that, by the definition
of Ry given above, we have r(x) > 0 for all x € X. For simplicity, we also assume that the supports of f
and g are the same. If this is not the case—that is, if r(x) > 0 for all € X but supp g # supp f—then
the testing problem becomes easier, as we expect to eventually observe signals in the regions corresponding
to the symmetric difference of the supports. Similarly, if suppr # X but suppg C suppr, we can restrict
the sample space to suppr and carry out the analysis as before. If this inclusion does not hold, the testing
problem again becomes easier. Here, the methodology is to create copies Z(M), ..., Z(H) with H > 1, that
are exchangeable with Z = (Z1,..., Zy4m) == (X1,..., X0, Y1, ..., Y) under Hy. With such a choice of the
ZM)s for any test statistic T(Z), a p-value can be given by

1+ H{T(z™W) > T(2)}
= 1+ H ’

(2)

This leads to a valid test, as shown in Theorem 1, and it remains to find a method to generate such Z(")’s.
Given any vector X = (1,...,Tn4m) and any permutation o € Syqpm, define Xy = (To(1)- -+ To(ntm))-

Specifically, we set

Hie{n+1,,,.,n+m} T(ZG'(Z))
Z&esn,+,n, Hie{n+1,...,71,+7n} T(Z‘}(i))

ZMW =7 where P{U(h) =0 | Z} = (3)
To see why this results in exchangeable data under Hy, it is sufficient to argue as in Berrett et al. (2020), and
consider an equivalent formulation of the permutation scheme. Let Zy = (Z),..., Z(n+m)) be the order
statistics of Z. When X C R, we naturally use the standard ordering on R. In the general case, we can
select any total ordering on X’; the specific choice does not matter, as its sole purpose is to let us examine
the set of Z-values without needing to know which value is associated with which data point. Define also
Zp) = (Z(p(l)), ceey Z(p(,H_m))) for each p € S, 1, and let P € S, 4, be the permutation given by the ranks
of the true observed vector Z, so that Z = Z(p). Under the null hypothesis that g oc 7 f, we can show that

the distribution of the true ranks P, conditional on the order statistics Z, is given by

[Lictntt,ntm "(Zwey)
Y peSmim Hicgnst,..nemy "(Zia)

P{P=p|Z)}= (4)



Furthermore, examining the definition (3) of the DRPT copies Z M., ZUH)  these can equivalently be
defined by
AR Z(pm) where P | Z(y is drawn from (4).

Comparing with (3), we can thus establish the bijection P = g(M o P which shows the equivalence between
(3) and (4). Building upon this, we can prove the following result showing that the DRPT constitutes a
valid test of Hy.

Theorem 1. Assume that Hy : g o< r f is true. Suppose that ZV ..., ZUH) are drawn i.i.d. from the DRPT

sampling scheme given in (4). Then the H + 1 random variables
(Z, zm Z<H>)

are exchangeable. In particular, this implies that for any statistic T : X™ x Y™ — R, the p-value defined
in (2) is valid, satisfying P{p < a} < « for any desired Type-1 error rate o € (0,1) when Hy is true.

In order to run the DRPT, we need to be able to sample permutations o), ..., o) from the distribution
given in (3) or, equivalently, P, PUD) from the distribution given in (4). We now address the challenge
of generating these samples efficiently and propose Algorithm 1 to tackle this problem. This procedure
is similar to the first algorithm presented in Berrett et al. (2020), where the shift function r plays a role

analogous to the conditional density ¢(- | -) of X | Z.

Algorithm 1 Pairwise sampler for the DRPT
. Initial permutation Py, integer S > 1. Call K = min{n,m}.

—_

2: for t € [S] do
3: Sample a vector of couples 7, = {(i},j1), ..., (i%, j%)} such that (i},..., i) are sampled uniformly
and without replacement from [n], and (ji,..., %) are sampled uniformly and without replacement
from {n+1,...,n+ m}, and initialise P; to be a copy of P;_;.
4: for k € [K] do
5: Draw a Bernoulli random variable B}, ; with
P{B' —1}— T(Z(Pt—l(iz))> — b ,
{ ik,Jk } T(Z(Pf,—l(iz))) +T(Z(Pt—1(jfc))) pum]k
and swap P, (i},) with P,(j;) if B ; =1.
6: end for
7. end for

8 return Ps.

Algorithm 1 is easily parallelisable due to the disjoint structure of the pairs in 74, and, most importantly,
it accurately targets the distribution in (4), guaranteeing that the resulting Markov chain converges to the

desired stationary distribution, as established in the following proposition.

Proposition 2. For any initial permutation Py, the distribution (4) of the permutation P conditional on

Zy 1s the unique stationary distribution of the Markov chain defined in Algorithm 1.

Remark 1. By examining the proof of Proposition 2, we see that other proposal mechanisms can also target

the invariant distribution in (4). Specifically, Step 5 in Algorithm 1 switches the indices il and ji with



probability p?kﬁjk as in (5) but the key property used in the proof is

P{B ;, =1} _ r(Zwiay)
P{B} ;. =0t  r(Zp.iiy)

to
1ksJk

the theoretical analysis of the methodology, it is more convenient to consider

Thus, any alternative distribution on B satisfying this ratio would work equally well. For example, for

Amnr(Zip,_ )

~t
Piygn T = = (6)
W dmr (Zep ) Hn o+ dmr (Ze_ ) §

Remark 2. Testing Hy : g < rf is equivalent to testing Hjy : f %g. We now show that our method is
similarly invariant under taking reciprocals of r and relabelling the samples, using either pﬁk gn OT ﬁﬁk’jk. For

pﬁk jn» Observe that the appropriate quantity after relabelling is

(pt _)/ - 1/T(Z(P¢71(J£))) _ T(Z(Pt—l(iz.)))
o Ur(Ziaay) +Ur(Zecaay)  r(Zeca) (26

which matches p},_;  eractly. In the case of pj, ;, , define

%m/r(Z(Ptfl(ji)))

(ﬁf N )/ = ~ ~ ’
- {m +0n/r(Z(p,_sn) Hm +0n/r(Z(p_uig)) }
with 0 such that Z;nzl % = >, #/T(Xi). Here, n and m are switched because the roles

of the X'’s and Y'’s are interchanged. By algebraic manipulation, one finds that g = AL Substituting
back into (ﬁﬁk’jk)’ then shows (f)ﬁk’jk)' = ﬁgk,jw confirming the invariance of our algorithm under reciprocal

transformations of r.

By Proposition 2, Algorithm 1, when executed for sufficiently many steps S, generates a copy Z(py) which
acts as an appropriate control for Z in testing Hy. In fact, we can make a much stronger statement. Under
the null hypothesis, the original permutation P conditionally on Z() follows distribution (4). Consequently,
initialising Algorithm 1 with Py = P (equivalently, with the original data vector Z) constitutes initialisation
from the stationary distribution. This implies that Z(p,) represents a draw from the exact target distribution
for any value of S, thereby providing a valid control for Z regardless of the number of steps taken. However,
the statistical power for rejecting the null hypothesis diminishes when S is small, as the control copy exhibits
excessive similarity to the original data vector Z. For practical implementation, we generate H copies,
denoted as ZM for h € {1,..., H}, with the requirement that the original data and all such H permutations
maintain mutual exchangeability. This can be achieved through a star-shaped sampling scheme, following
the methodology introduced by Besag and Clifford (1989) and subsequently applied in permutation-based
approaches by Berrett et al. (2020) and Ramdas et al. (2022).

Algorithm 2, when initialised with Py = P, provides an exchangeable sampling mechanism, since the



Algorithm 2 Star-shaped sampler for the DRPT

Initial permutation Py, integer S > 1.
Let P, the output of Algorithm 1 after S steps, initialised at Py.
for h € [H], independently do
Let P(") the output of Algorithm 1 after S steps, initialised at P,.
end for
return (P, ... PH)),

permutation P, lies S steps away from each of the permutations (P, ph . pH )) and the Markov chain
associated to Algorithm 1 is reversible, as shown in the proof of Proposition 2. The following result verifies
exchangeability and ensures that the results of Theorem 1 remain satisfied when the permuted vectors
ZW .., ZUH) are obtained via Algorithm 2.

Proposition 3. Let Z() and P be the order statistics and ranks of Z, as defined previously, so that Z = Zpy.
Let (PMW, ... PUD) be the output of Algorithm 2, when initialised at Py = P, and let Z" = Zpwyy for
eachh=1,...,H. If Hy: g < r f is true, the H + 1 random variables (Z, AN Z(H)) are exchangeable.

2.1 The DRPT for discrete data

One significant drawback of permutation tests is their computational cost, which in our setting stems from
choosing large values for H in (2) and S in Algorithm 2. In this subsection, we introduce an alternative
method for discrete data with finite support that is computationally more efficient, since it enables direct
sampling from (4) without relying on the MCMC sampler. Let X =Y ={0,...,J} =1 J with J > 1, and
let X; i fand Y; Bl g, where

Pf{X:j}:fj and PQ{Y:j}:gjv

for all j € J, with Zj:o fi= Zj:o g; = 1. Given a sequence of positive numbers (ro,...,7s), the testing
problem becomes
Hy:gjoxcr;f; foralljeJ,

so that r(z) = >_,c;r;1{z = j}. At the sample level, the DRPT generates a permutation p given Z, as
in (4). Conditioned on the data, each permutation preserves the total number of units in each of the J + 1
categories, where the count for category j € J is denoted by tot;. What changes is how these values are

split between the first n and the last m data points. We can represent this using the following table:

Z(P(lin)) Z(p(n+1:n+m)) +
0 | toto — Ny Ny toto
J | tot; — Ny ; Ny ; tot s
+ n m m+n

where Ne,j = #{Z ¢ [n] : Z(p(z)) = ]} = ]]-{Z(p(n+1)) = j} + ...+ ]]-{Z(p(n+m)) = j} for all j € J. If we
restrict attention to test statistics that are functions of this frequency table, which is natural given that it is

a sufficient statistic in our model, the behaviour of the DRTP can be characterised through the distribution



of (Ny.g,- -+, Ny ;)|Z(y. In this regard, given the data and for w = (wo, . ..,w;) such that Z;']:o w; = m and
0V (tot; —n) < w; < mAtot; for all j € J, we have

P{ND,=wo,...,NL, =wy| Z)} = Z P{P=p| Zy}

pES,,/_*_m:(NQO ..... N;J):w

x > 11 " Zeay) = > 1"

PESntmi(Ny o, Ny ;)=w i¢[n] PESntmi(NY o, Ny ;)=wi€T
. [ tot; [ tot;
= < H T;UJ>#{p € Sntm : (Ny. g5, Ny ;) = w} = nlm! H r;-vj (w]> x H r;l“(w_]). (7)
= €T J jeg J

Notice that in the penultimate step we used the fact that #{p € Spim : (NQO,...,N;J) = w} =
nlm! Hjej (t;?‘), as there are (ts)tf) ways of choosing w; many j’s for the last m data points for all j € J.
Considering all the possible ways in which we can further permute the first n and last m values gives the
extra factor of n!m!. This shows that (Ny.g,..., Ny ;)|Z( is distributed according to Fisher’s Multivariate
Noncentral Hypergeometric distribution, which is a generalisation of the hypergeometric distribution where
sampling probabilities are adjusted by weight factors (see, e.g. McCullagh and Nelder, 1989, Section 7).
Coming back to the testing problem (1), the previous argument shows that in the case of discrete data with
finite support we can avoid sampling permutations from (4), as it is sufficient to sample (N;O, A N$7J)|Z()
from (7). This can be done efficiently using for example the R-function rMFNCHypergeo from R-package
BiasedUrn.

Compared to the MCMC-based approach, aside from reducing computational runtime, the DRPT copies
of the table above generated through i.i.d. draws from (7) are conditionally independent, given the row
totals, across different h € [H|, while the Z ()5 in the output of Algorithm 2 exhibit non-zero correlation
due to their shared initialisation. Nonetheless, this dependence decreases for larger and larger values of S.
Regarding its theoretical guarantees, finite-sample validity is ensured by Theorem 1. Additional properties
and a detailed power analysis of this version of the DRPT—henceforth referred to as the discrete DRPT—are
presented in Appendix B.

3 Power analysis and the Shifted MMD

3.1 General theory and IPMs

We now delve into the theoretical analysis of our methodology, and show that the DRPT is consistent under
mild assumptions, and minimax rate-optimal under some additional smoothness conditions. This subsection
is dedicated to proving the former claim. A sequence of tests is called consistent against a given class of
alternatives if, as the sample size tends to infinity, the test will reject the null with probability 1 under every
alternative. Such results can be proved for the classical » = 1 case using the results of Hoeflding (1952).
An intuitive explanation of these results can be found in the fact that the permuted sample asymptotically

satisfies the null hypothesis. More precisely, letting o be uniformly distributed over the symmetric group
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and assuming that n/m — 7 > 0, we have

n n+m

1 P P

T e Za) D [ehdn ST elZog) D [ e (8)
i=1 Jj=n+1

for all ¢ € CP(X), where CP(X) is the space of bounded continuous functions on X, and h; = =/t 1+7-
This means that the empirical distribution of the first n permuted samples converges in distribution to the
mixture of f and g, and since this is true also for the last m permuted samples, we can conclude that Z,
asymptotically satisfies the null.

We will now extend this for general density ratios r. To this end, we first show that there exists a unique

density h which satisfies the null hypothesis while preserving the distribution of the combined data.
Lemma 4. There exists a unique density h such that

n m rh n m

h = ;
n+m +n+mfrhdu n+mf+n+mg

and it is of the form
nf +mg
n+ Aomr’

for a suitable constant \o > 0 such that [ hdp = 1.

This, together with the fact that Ao = (/rhdu)~' (proved in Lemma 4), further shows that Hy is
equivalent to f = h a.s., which is in turn equivalent to
mg Xomrf

= a.s., with A\g > 0 such that /
n+ Aomr  n+ Agmr

nf +mg
n+ Aomr

dp = 1.

This motivates the introduction, at the population level, of an IPM of the form

Tr . (f.9) :—sup’/ M9

wEF n/m+)\0r

)

for a suitable function class F. It follows from Lemma 4 that we have Tr (f, g) = 0 under the null, but in
order to have the reverse implication for a full characterisation of the null we need additional assumptions

on F. Following similar lines to Gretton et al. (2012), we prove the following lemma.

Lemma 5. Let F = {p € H : ||p|ln < 1}, where H is a dense subset of CP(X) with respect to || - ||oo, and

I ll# is a norm on H. Then Tx, characterises Hy.

This naturally leads to the consistency of the DRPT based on the empirical version of T’z ,., as the next
result shows. In the following, we will denote with N (A4, 6, ||||«) the d-covering number (see, e.g. Wainwright,
2019, Chapter 5) of the set A with respect to the norm || - ||..

Theorem 6. Fiz o € (0,1) and H > [1/a — 1]. Let H be a dense subset of CP(X) with respect to

I - lloos and suppose there exists a universal constant v > 0 such that || - ||oc < 7| - |5 Further, suppose

11



N {llellx <116, - lloo) is finite for all § > 0 and define

n > ) n+m n
T(21,. s 2ntm) = Sup 1 ZM@(%)— Z ———(%)|, (9)

lellz<t M |5 n+ Amr(z;) e nt Amr(z;)

where X satisfies S+ er(zi)}_l = 1. Then, if there exist ¢,C > 0 such that ¢ < r(z) < C for all
x € X and n/m — 7 >0, the DRPT based on T is consistent, meaning that whenever Hy is not true

P{DRPT based on T rejects Hy} -1 asn,m — oo.

It is worth noting that the assumption n < m (i.e. that the sample sizes of the two groups are of the same
order) is commonly employed in the literature on permutation tests (e.g. Schrab et al., 2023), and two-sample
testing (e.g. Li and Yuan, 2024). Additionally, the condition || - ||ec < 7| - ||2 is not overly restrictive. For
instance, it is satisfied when #H is an RKHS based on a uniformly bounded kernel. The proof of Theorem 6 is
based on the following lemma, which may be of independent interest, showing that the empirical distribution
of the first n permuted samples converges in distribution to the limiting version of hdy defined in Lemma 4.

This extends (8) for bounded density ratios r.

Lemma 7. Let o be sampled according to (3). Suppose n/m — 7 > 0 and that there exist constants ¢,C > 0
such that ¢ < r(x) < C for all x € X. Further, define hy, = % for some Ass > 0 such that [ heodp = 1.
Also define the empirical measure ﬁn,m = Y+ Amr(Z)}y 165, where X > 0 is chosen such that

S n 4 Amr(Z)}~1 = 1. Then for all p € CY(X) we have

(1)

2
Ly - lol2.(c+ C) n+m
E <nzl<'0(za(i))/<'0dH"’m'> < i

C n

(i)

n

> 0(Zog) l>/<phoodu-

i=1

1
n

First, notice that >>75™{n + Amr(Z;)}~! = 1 is equivalent to saying that
i er(Zg(i)) _ GaiC n

~ = S L — (10)
I n+Admr(Zy)) et )\mr(Zg(j))

o~

for all permutations o € S,4,,. This fact is useful throughout our proofs and allows us to see A as
a normalisation factor for r in any division of the empirical distribution ﬁmm into two samples. Fur-
thermore, it is instructive to elaborate on the proof of part (i), as the underlying strategy is novel and
serves as a key component in the proof of other results, such as Theorem 9 below. To this end, let
Spfni=L130 o(Zoiy) — [ gpdf[n,m denote the relevant quantity where o is sampled from (3), and define
St /n as its analogous counterpart in which o is replaced by oy, the permutation at time ¢ generated by
Algorithm 1. If the procedure is initialised at stationarity, we obtain E[(n~1S5,)?] = E[(n~15!)?] for all
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t € N. This is particularly advantageous as we can leverage the Markov chain dynamics to find constants A
and B such that E[(n"1Si1)? | Z,04] — (n715%)? < A — B(n~1S!)?, where we now see that this left-hand
side has mean zero under stationarity. In proving this bound it is very convenient to use ﬁﬁk’ jr as defined
in (6) to relate this zero-mean difference to S! /n. This justifies the claim in Remark 1 that, despite its more
complex algebraic form, ﬁﬁk j 1s better suited than pﬁk 0 (5) for the theoretical analysis of the DRPT.
Finally, while Lemma 7 is presented in terms of the first n data points of the permuted sample, the Law of

Large Numbers gives an immediate consequence for the last m data points. Indeed,

n+m n n+m n

1 1

- > P(Zo() = — deX)+ D e(¥) =D e Zog)
j=n+1 i=1 j=n+1 =1

rhoo
i>7/s0fdu+/sagdu—7/sahoodu=/¢Mdu,

since A\y' = [ rhoodp as shown in the proof of Lemma 4.

3.2 Construction of Shifted MMD

While Theorem 6 holds under mild assumptions, it is theoretical in nature and its practical utility depends
on whether the supremum can be explicitly computed and a closed-form expression for Tx , can be derived.
To make this feasible, we focus on the specific case where H is an RKHS, as examined in Gretton et al.
(2012). Under this setting, we establish the following representation for the IPM Tx .

Proposition 8. Let 1 be an RKHS with measurable kernel k(-,-) with [, \/k(z, m)%du(z) < 00,
where \o is such that [ 2LF™9 gy — 1. Then

n+Aomr
T N 0 T B A N Nr(X)r(X)k(X, X')
T2:f8) = <|¢|np§1 / n/m+ AoerdMD Bxxies [{”/m + Aor(X) H{n/m + )‘OT(X/)}}
k(Y,Y") B Aor(X)k(X, Y)
FEvyng [{n/m + Aor(Y)H{n/m + AOT(Y/)}:| 2E¥:£ [{n/m +dor(X)Hn/m + )\OT(Y)}]

First, note that when r = 1, it follows that A\g = 1, leading to

2

T.%,rzl(fv.Q) = 2MMDi(f7g>7

m
(n+m)
where MMDy (-, -) denotes the Maximum Mean Discrepancy (MMD) based on the kernel k(-, ) (see Gretton
et al., 2012, Equation (1) and Lemma 6). Consequently, our IPM T’z ., which we will now refer to as the
shifted-MMD and denote by MMD,. 1. (f, g), generalises the MMD to account for the presence of a shift factor,
while reducing to a scaled version of it in the case of a constant r. A similar quantity to MMD,. . (f, g),
but without the denominators and Ay, was proposed in Lee et al. (2024) for conditional two-sample testing,
where its definition was motivated by importance weighting. In contrast, we naturally derive MMD,. x(f, g)
from Lemma 4, and see that the presence of the denominator plays a crucial role, as it is linked to the
invariance under relabelling the samples in a similar spirit to Remark 2.

To ensure that MMD,. ;(f, g) characterises the null hypothesis, in line with Lemma 5, restrictions on A
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must ensure that MMD,. ,(f,g) = 0 if and only if Hy holds. This requirement has been extensively studied
in the statistical literature, and RKHS’s satisfying this property are referred to as characteristic, with their
defining kernels termed universal. For a comprehensive discussion see Sriperumbudur et al. (2010) and
references therein. Notably, RKHS’s induced by Gaussian and Laplacian kernels on R¢ are characteristic.
Turning now to sample versions of the shifted-MMD, applying the same arguments as in Proposition 8

to empirical measures shows that the test statistic in (9) becomes

N2r(z; yr(xi)k(z;, x;)
\ {nfm+ (@) Hn/m + Ar(z;)}

1 n
V<x17"'axn7y1,"'aym :722
1,j=

1 m
k(yi,y5) 3 722 (i)k (i, y)) (11)
m? i,j=1 {n/m+ )\T(yz)}{”/m + )\7" (v;)} i=1 j=1 {n/m+ )‘7" (zi)H{n/m + )\r(y])}
where \ satisfies ETL M = Z"+m ——=2——_ Ignoring the dependence on X, this estimator is a

i=1 niimr(X;) i=n+1 nJr)\mr(Y)
V-statistic and is asymptotically unbiased for MMDT’ . (f, g) since, as we show in Lemma 12 in Appendix A.2,
we have A —— MAo. Following similar reasoning as in Theorem 6, the DRPT using (11) with a kernel k(-, -)
from a characteristic RKHS is consistent, provided that || - ||oo < 7| - |lx and N (||¢lln < 1,6, ]| - [|o) is
finite for all § > 0. The former condition is verified for uniformly bounded kernels, as the Cauchy-Schwarz
inequality and the representer theorem imply |p(z)| = (¢, k(-,2))n| < \/k(x,)||¢|lz. This is a common
assumption in the RKHS literature (see, e.g. Gretton et al., 2012, Definition 30 and subsequent results), and
it is satisfied by many standard choices of k(-,-). The latter condition is also mild, and it is satisfied for

common kernels such as the exponential kernel (e.g. Yang et al., 2020, Lemma D.2).

3.3 Minimax rate optimality

While Theorem 6 shows the consistency of the DRPT under mild assumptions, we can further show its

minimax rate optimality when & = R? under the extra assumption that % lies in a Sobolev ball. For

the theoretical analysis, it is more convenient to consider the test statistic

n

1 A2 )1 (x5) ke (24, x5
3 (@s)r (@) ke (w3, 2;5)

U($1,..-,$n7y17~~aym):7 N 3
n? it=r An/m+ Ar(z) Hn/m + Ar(z;)}

% i kC(yuy]) _ 722 )kg(l‘l,y]) , (12)

i An/m+ (g Hn/m 4+ Ar(y;)} i1 = {n/m+M ) Hn/m + Xr(y;)}

where k¢ (-, -) is a multivariate kernel with bandwidth ¢ > 1 which will be defined later. Note that apart from

a slightly unusual normalisation, namely # and # in place of n(nlfl) and

m(nllq)’ and the dependence
on X, (12) is essentially a U-statistic which serves as an estimator of MMD,%,,CC(f7 g). Coming back to the
definition of k¢, we consider a characteristic kernel K : R — R belonging to L'(R) N L?(R) N L*(R) and
satisfying K (0) = 1 and, given a bandwidth ¢ > 1, we define a characteristic kernel on R by k¢ (z,y) =
¢é H?Zl K (C(x; — y3)) for ,y € R%. For example, choosing Kcauss(u) = e~ recovers the Gaussian kernel
in R?, while choosing Kiap(u) = el yields the Laplace kernel. Further useful properties of k¢ can be

found in the proof of Theorem 9. For notational convenience, we also define ¢¢(u) := ¢? H?zl K(( uz) for

14



u € RY, so that k¢(z,y) = c(x —y) for all 2,y € RY. Extensions to the case of separate kernels K;(-) with
distinct bandwidths (; along each dimension are straightforward and can be obtained by following similar
arguments as in Schrab et al. (2023). Moreover, the assumption that K(0) = 1 is not essential, as scaling it
by a positive constant does not affect the qualitative behaviour of our results; we adopt this assumption to
simplify both the computations and the notation.

We now characterise the optimality of the testing procedure within the minimax framework, aiming
to identify the smallest separation between the null and alternative hypotheses that allows for reliable
discrimination with controlled error. Smoothness is assumed under the alternative but not under the null,
as we already showed in Section 2 that the DRPT test guarantees uniform, non-asymptotic control of the
Type-I error without requiring any assumptions on the null distribution. For fixed r : X — R, such that

0<c<r(z) <Cforall z € X, and for p > 0, we are interested in testing

, n
Hyigocrf vs. Hi(p) iy llnla > p. (13)
where \
Yy = M and Ap > 0 is such that /Mdu =1,
n -+ A\gmr n+ Aomr

and aim to find the smallest value of p such that there exists a test with uniform error control. The choice
of this separation is motivated by the fact that \/n/m||¢, 2 is invariant under relabelling the samples, by
analogy with Remark 2. We therefore believe this is the most natural form of separation in our setting.
Nonetheless, when 7 is uniformly bounded, alternative choices involving the L? norm — such as |lg — 7f]|2
with 7 =r([rf dp)~t — are also valid, and should be equivalent in terms of the minimax separation rate.
Let ¥ denote the collection of randomised tests based on the combined dataset (X1, ..., X, Y1,..., Y.
Each test is represented by a function ¢ : X™ x Y™ — [0, 1], where, upon observing (z1,...,Zn, Y1, -, Ym),
the null hypothesis Hy is rejected with probability ¢(z1,...,%n,¥1,--.,Ym). Additionally, define ¥(a) as
the subset of ¥ consisting of tests with size «, where « € (0, 1). Define the d-dimensional Sobolev ball with

smoothness parameter s > 0 and radius L > 0 as
si(0) = {pe @) LY [ JEBIOF de < eniz] (14

where p denotes the Fourier transform of p, that is, p(§) := fRd p(z)e=“®€) dx for all £ € RY. Throughout
this section we will also assume m < n < 7m for some 7 € [1,00), which is to say that n and m are of
the same order. For fixed r : X — Ry such that 0 < ¢ < r(z) < C for all z € X, we may then define the

minimax separation to be

pr=pr(n,m,0,a,8):=inf¢{p>0:a+ inf sup Ep(l—p)<a+f;,
PEY (@) (f,9)€S5(p)

where P = P}Xm ®@PP™, 0 = (d,7,M,s,L) € Ny x R>1 x R and

55(6) = { () s maxflc Igllo) < M\ > p and 0, € 300 . (15)

15



We start by stating an upper bound on the minimax separation which is based on the fact that the DRPT
using the test statistic (12) with bandwidth ¢ = n7¥a has good power when p is sufficiently large.

Theorem 9. Let X = R? and fix a, 3 € (0,1) such that o + 3 < 1. There ewists a constant C, =
Cr(c,C,0,a, B) such that
P: < Crn—2s/(4s+d).

Regarding optimality, a matching lower bound has been established for the classical two-sample testing
problem over Sobolev balls (e.g. Li and Yuan, 2024, Theorems 3 and 5), showing that there exists a constant
1 = c1(0, o, B) such that

p:51 > ¢ n—2s/(4s+d).

The minimax separation rate p; will typically depend on the specific choice of . Nevertheless, we derive the

following matching lower bound under the assumptions that r is bounded above and below.

Theorem 10. Fiz o, 3 € (0,1) such that o+ < 1 and suppose that s € Ny. For all firzed r : X — Ry
satisfying 0 < ¢ < r(-) < C, there exists a constant ¢, = ¢.(¢,C, 0, a, 8) such that

P> ey 2/ Us+d)

When r is uniformly bounded, the combined results of Theorems 9 and 10 demonstrate that p; =<
n—28/(4s+d) confirming that the DRPT with test statistic (12) achieves optimality. Future work could study
the dependence of p; on 7, though by analogy with the goodness-of-fit testing problem for densities, this
is likely to be technically demanding. Indeed, it is known (e.g. Balakrishnan and Wasserman, 2019) that
minimax rates of convergence for testing the null hypothesis that f = fy given X1,...,X,, ~ f intricately
depend on the specific choice of fy, with the hardest version of the problem being when fy is a uniform
density. Although the simulations in Section 5.1 and the results for binary data in Appendix B seem to
suggest that the hardest shifts to test are those closer to » = 1, it is still unclear if this is the case in full
generality.

Furthermore, the proof of Theorem 10 relies on relating the testing problem (1) to the task of testing
whether f = g under a biased sampling scheme in which, rather than observing samples directly from f
and g, one observes samples from densities proportional to wif and wsg, where w; and ws are positive
functions satisfying ws/w; = r. This setting, known as two-sample testing under biased sampling schemes,
has been studied in the statistical literature (see Kang and Nelson, 2009, and the references therein), and
asymptotically valid and powerful tests have been proposed. From a theoretical standpoint, we believe this
alternative formulation is equivalent to our original problem in terms of minimax separation, and that similar
techniques to those presented in this section may be used to establish non-asymptotic results in that setting.

Finally, we note that the assumption s € N, is common in the statistical literature (Li and Yuan,
2024), and plays a critical role in the lower bound construction. In particular, it ensures that the bump
functions introduced in Lemma 14 in Appendix A.2 are orthogonal with respect to the Sobolev inner product
(P1,h2)s5 = Jga €138 a(f) @(f) d¢. This orthogonality holds when s € N, because the bump functions
are supported on disjoint sets. However, this argument breaks down for general s > 0, as disjoint support

no longer guarantees orthogonality in the Sobolev inner product. Extending the construction to non-integer
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smoothness may still be possible using techniques similar to those developed in Butucea (2007) and Albert
et al. (2022).

4 Extensions

4.1 Density ratio permutation test with unknown shift function

We move beyond the case of a known shift factor, and consider the harder problem of testing
ng : there exists r, € R such that g o« r, f,

where R is a suitable function class. This can serve as an important preliminary tool for model selection.
For instance, it is common to assume that the density ratio belongs to a specific parametric family of
functions (Qin, 1998; Kanamori et al., 2010a), with maximum likelihood estimation used for inference. See
Qin (1998) and the references therein for a comprehensive overview of applications that rely on this modelling
assumption.

The idea here is to split the sample in two disjoint subsets Z"™ and Z'*st: we use Z®%™ to find a good
estimate 7 of 74, and Z*t to perform the DRPT defined in Section 2 using 7 as shift function. In order to
find the estimate 7, we will leverage existing results in the field of Density Ratio Estimation (DRE). A naive
approach is to estimate the two densities separately and take the ratio as the proposed estimator, but more
direct approaches are known to perform better in practice. Indeed, significant efforts have been made in the
recent literature to develop such direct estimators. Various methodologies have been proposed, including
the moment matching approach (Gretton et al., 2009b), the probabilistic classification approach (Qin, 1998;
Cheng and Chu, 2004; Bickel et al., 2007), and the ratio matching approach (Tsuboi et al., 2009; Kanamori
et al., 2010a, 2009, 2012; Sugiyama et al., 2008; Yamada and Sugiyama, 2010). Additionally, other methods
have utilised M-estimators combined with non-asymptotic variational characterisations of Csiszar-divergences
(Nguyen et al., 2008; Sugiyama et al., 2012). Recent advances have focused on improving robustness (Liu
et al., 2017; Choi et al., 2021, 2022) and accommodating missing values (Givens et al., 2023). For a more
comprehensive review of DRE methods, we refer readers to Kanamori et al. (2012) and Sugiyama et al.
(2012), along with the references therein.

We first prove that if HJ® is satisfied and 7 is a good approximation of the true r,, then the excess Type-I
error of the DRPT is bounded by the total variation distance between the product measures of the normalised
versions of 7 f and r, f. Recall that for any two distributions Py, P, defined on the same probability space,
the total variation distance is defined as TV (Py, P») = sup 4 |P1(A) — P2(A)|, where the supremum is taken
over all measurable sets. In the result below, we assume that both the approximation 7 of the true r, and

the test statistic T : X™ x Y™ — R are deterministic, meaning that they are selected independently of Z.

Proposition 11. Assume HJ is true, and let v, be such that g < v, f. For fized H > 1, let zW . zH)
be copies of Z generated from the DRPT (4) or from the exchangeable sampler (Algorithm 2) with fized

parameter S > 1 using an approximation 7 of the true r.. Then, for all a € (0,1) we have

P{p < a} <a+TV ({F [} {Fr. f}°7),

17



where T = (f ?fd,u)f1 T, Ty = (f r*fdu)fl T+ and p is the p-value computed as in (2).

This result ensures that, if 7 is a good approximation to ry, then the DRPT will experience at most a mild
increase in its Type-I error. Arguing as for the CPT in Berrett et al. (2020, Theorem 4), Proposition 11 is a
worst-case result, established with respect to an arbitrary test statistic 7', which may be chosen adversarially
to be maximally sensitive to errors in estimating the true r. In practice, however, sensible choices of T—such
as those in Section 3—may be more robust than the theoretical result implies. Finally, observe that although
the total variation is asymmetric due to the presence of m only, this symmetry can be restored by taking
the reciprocal of r, and arguing in a manner similar to Remark 2. However, since we have assumed n < m
throughout the paper, we avoid this additional technicality, as it does not affect the qualitative behaviour of
the result.

Regarding the construction of an approximation 7 of r,, although in certain settings (such as when the
data satisfy the covariate shift assumption) we may have access to a large sample of unlabelled data sufficient
to estimate the unknown density ratio, in general we lack such resources and may have to rely on the sample-
splitting procedure introduced above. More precisely, assuming n = m for simplicity of presentation, and

letting Z2 = (X1,..., X, Y1,...,Y,) denote the combined sample, we split Z into two disjoint subsets
ZeStim:(Xla"'aXN7Y17"'7YN) and ZteSt:(XN+17"'7XnaYN+13"'aYn)a

with 1 < N < n, and use Z°%m to compute an estimator 7 of r,, and Z*** to perform the DRPT based on
7. Now, for Proposition 11 to have practical implications, we need to verify that there are settings where
we can choose N appropriately so that r, can be estimated with high accuracy and the excess Type-I error
is guaranteed to be small. More formally, we require that TV ({r f}®=N) {7, f}2=N)) = op(1). To
establish this in certain settings of interest, it is possible to leverage results from the DRE literature, which
offers a wide range of tools for quantifying how close 7 f is to 7, f under various pseudo-metrics. As an
illustrative example, we will make use of Theorem 2 from Nguyen et al. (2008). However, we note that other
approaches, such as Sugiyama et al. (2008, Theorem 1 and Example 1) and Kanamori et al. (2012, Theorem

2), may yield similar results under comparable conditions.

Example 1. Suppose R = S;(L), the Sobolev ball introduced in (14), with integer s satisfying s > d/2. Let
7 represent the M-estimator, referred to as estimator E1, for r. € R as introduced in Nguyen et al. (2008).
Now, if 0 < c <r(-) <C forallr € R, Theorem 2 in Nguyen et al. (2008) and the remarks thereafter ensure

that [(VTof — /Tf)%du = OP(N_%). As a result, writing H*(p,q) = 2(1 — [ /pgdu) for the squared
Hellinger distance between densities p and q, we have

B (7 F1 5 1) = [(Vf = VTP < 2 [(VF = VAT 2 (V7T = Vel
- 2/(\/7?— V) dp + Q(W— 1)2du < 4/(@— VFF)2dp = Op(N~%%7),

where in the last inequality we used the Cauchy-Schwarz inequality. This, together with the fact that
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TV(p,q) < \/H*(p,q) and H?(p®",q®") = 2{1 — (1 — H?(p, q)/2)"}, implies that

TV ({F =N L, f}®(”*N)) < \/H2 ({F f}2(=N) {7, f1e(n-N))
=2 — - ) /20
< /(= N) B2 ({7 f}. (s 1) + op(1) = op( (n—N)N‘zfid> ,

where in the last inequality we used that fact that (1 —x)™ > 1 —nx forn € N and x < 1. As a result, we
have TV ({Ff}‘g’("_N), {7 f}®(”_N)) </ (n— N)N_% w.h.p., and expect it to vanish as long as N is
taken sufficiently large, i.e. n < N=zia,

Related results in the literature can be leveraged to derive analogous guarantees for alternative estimators
of r, across different settings. Broadly speaking, theoretical insights emphasise the importance of choosing
the estimation sample size IV to be significantly larger than the testing sample size n — N in order to keep
the excess Type-I error low. Nonetheless, empirical findings from Section 5 suggest that less extreme splits

may perform just as well in practice.

4.2 Conditional two-sample testing

As discussed in the introduction, the DRPT can be applied to the conditional two-sample testing problem,

which we now revisit. Consider two independent samples: (XZ-(l), 1/;-(1));7‘:11 drawn from a joint distribution

P)((lﬁ)/, and (X; ) (2))”2 drawn from another joint distribution P)%),, both supported on a product space

X x Y. Here, B |)x and Py

while P{) and P are the corresponding marginals of X2 and X, The objective is to test whether the

conditional distributions are equal, i.e. P)((l){P)(,ll)X( | X) = Px(/2|)x( |X)} = 1. Notable contributions to this

area include works such as Hu and Lei (2020), Chatterjee et al. (2024), Chen and Lei (2025), Yan et al. (2024),
and Huang et al. (2024). Recently, Lee et al. (2024) introduced two general methodologies to address this

represent the conditional distributions of YV given X and Y2 given X2,

problem. The first approach converts any conditional independence test into a conditional two-sample test
while preserving the original test’s asymptotic properties. The second transforms the problem into comparing
marginal distributions via estimated density ratios, enabling the use of ebtablished marginal two-sample
testing methods. Assuming the distributions have densities, the null hypothesis f «(ylz) = ( ) «(y|z) can
be reformulated as
o (@y) = 0@/ 10 @)}y @), (16)
where f)((1 and f(2) are the joint densities. This approach in Lee et al. (2024) aligns with Section 4.1 in
that part of the data is used to estimate the marginal density ratio, while the remaining data is used for
testing. This is achieved either using a classifier-based test statistic or a linear-time MMD statistic, both
reweighted according to the marginal importance, which are proven to result in asymptotically valid tests.
In light of (16), our methodology can be adapted to address the conditional two-sample testing problem.
This is achieved by first estimating the marginal density ratio and then applying the DRPT, using this
estimate as the shift factor. The key innovation of this approach lies in its calibration via permutations,

where the only excess in Type-I error arises from the estimation of the marginal density ratio. A detailed

19



empirical comparison between this methodology and those proposed in Lee et al. (2024) is provided in
Section 5.2.

5 Simulations and real-data applications

5.1 Synthetic data

In this section, we empirically validate the performance of the DRPT on synthetic data. For the first
setting, we set Py = N(0,1) and define P, = (1+n)"'N(0,3) + n(1 + n)~' Exp(1) for n € {0,...,0.25}.

Clearly, for n = 0, g satisfies the null hypothesis with r(z) = e—4a”

, while larger values of 1 correspond to
greater departures from the null. In the simulations shown by the purple line, we implement the DRPT
using the empirical shifted-MMD test statistic defined in (12) combined with the Gaussian kernel Kgauss-
The bandwidth of the kernel is calibrated using the median heuristic proposed in Gretton et al. (2012). We
compare our approach with a permutation test based on the classical MMD (shown by the green line), applied
to the data Yi,...,Y,, and a sample from rf, which is generated from X, ..., X, using rejection sampling.
Furthermore, we also consider a similar setting (shown by the orange and blue lines) in which Py = N (0, 1)
and Py = (14 n)7'N(0, %) + n(1 +n)~! Exp(1), which means that the null hypothesis (1) is satisfied for
r'(x) = e, All four simulations are conducted for n € {0,...,0.25}, fixing H = 99, n = m = 250, and
S = 50. Each test is repeated 500 times for every setting, and the average decision is reported as an estimate
of the power function. The results are presented in Figure 1. The DRPT demonstrates superior performance
compared to the rejection sampling-based procedure, which is to be expected due to the reduction in effective
sample size inherent in such resampling methods. This justifies our choice to forego rejection-sampling
schemes and utilise the full sample directly. Furthermore, less extreme shifts, such as 7/, seem harder to test,
as the DRPT shows greater power with more peaked choices like 7.

Moving beyond univariate settings, Figure 2 shows the performance of the DRPT in the case of bivariate
data. Here, we let P, be an absolutely continuous distribution on [0, 1] with density g(z) = 2z. We then
choose Py = Unif([0,1]?) and Py = (14n) ' PP*+n(1+n)~" Beta(3, 5)®2. This implies that, when n =0, g
satisfies the null hypothesis with r(z,y) = 4xy, while larger values of 7 correspond to greater departures from
the null. As before, we implement the DRPT using the U-statistic (12) combined with the Gaussian kernel
KGauss, with the bandwidth calibrated using the median heuristic. The simulation (shown in purple) is
conducted for n € {0,...,0.9}, fixing H = 99, n = m = 250, and S = 50, and repeating the test 500 times in
each setting. We compare this setting with a similar one (shown in orange), where we fix Py = Unif([0, 1]?)
and P, = (1 +n)~'P, ® Unif([0,1]) + n(1 + n) "' Beta(3, 3)®?; this implies that the null is satisfied for
r'(x,y) = 22 when 1 = 0. The results shown in Figure 2 are consistent with the earlier conjecture that shifts
that are closer to being constant are more difficult to test.

Table 1 provides empirical evidence for the claim in Section 4.1 that approximating r, introduces only
a modest inflation in Type-I error, provided the estimator 7 is sufficiently accurate and the test statistic
T is appropriately chosen. We consider the setting where Py = Unif([0,1]) and P, = F,, so that the null
hypothesis holds with r,(z) = 2z. Testing sample sizes are fixed at n = m = 250, while r, is estimated using
an independent sample of size N € {100,200, 1000, 2000}, drawn under the null. Estimation is performed

using either linear logistic regression (LL) (Sugiyama et al., 2010) or the uLSIF estimator (Kanamori et al.,
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2009). The table reports the average Type-I error across 200 repetitions of the DRPT, using either the true

r, or an estimate thereof, and the empirical shifted-MMD with the Gaussian kernel as the test statistic. The

results indicate that Type-I error inflation is non-negligible when the LL estimator is used for r,. This is

likely due to the parametric nature of the estimator, which is misspecified for the true r,, resulting in no

improvement as the sample size N increases. In contrast, the ULSIF estimator does get closer to r, as IV

grows, and the test size seems to approach the nominal level asymptotically.
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Figure 1: Purple: simulation of the DRPT

based on (12) using the Gaussian kernel; here

r(z) = e=4e%, Orange: same setting but with

r’(z) = e7* . Green and blue: alternative ap-

proaches based on rejection sampling.

Method N

100 200 1000 2000
LL 0.520 0.250 0.065 0.140
uL.SIF 0.095 0.055 0.085 0.065
True 0.050 0.050 0.050 0.050

Table 1: Type-I error inflation when estimating
the density ratio using LL and uLSIF; the true
ratio is r«(x) = 2z; the DRPT was performed
using (12) with the Gaussian kernel.
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Figure 2: Purple: simulation of the DRPT
based on (12) using the Gaussian kernel in the
case of bivariate data on the unit square; here
r(z,y) = 4zy. Orange: same setting but with
r'(z,y) = 2z.
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pling. Here r = (1,3,3,10).

We now turn to discrete settings and evaluate the performance of our RKHS-based methodology, lever-
aging the discrete DRPT approach introduced in Section 2.1. In this regard, when using the collision kernel
keon(z,y) := Z;']:o 1{z = j}1{y = j} we can write the V-statistic (11) and the U-statistic (12) as

J
V($1,.. .’L'n,y]_,...,ym :Zl{Arj Z]l{ml_]} - Z]l{yl—j}}
J=

(n/m+ Arj)?

and

J

et} - Yo

J=0

)\22

J
U(xl7'-~,$n7yl7"'7ym :V Z / +>\
nm 'f'

Jj=

{ m2 Z ]l{yz—y}}

n/m—l—)\r

which shows that it is sufficient to draw (Ny., ..., Ny ;)|Z() using (7) through the R-function rMFNCHypergeo
without the need of using Algorithm 1, drastically reducing the computational cost of the DRPT. In the
case of binary data we consider the test statistics (11), fix n = 100 and m € {100, 200, 500,2000}, r = 3
and sample X; "X "Ber (3) for i € [n] and Y; L Ber (1 =mn)3+1) for j € [m] with n € {0,...,0.9}. The
null hypothesis holds for n = 0, with increasing values of 7 representing greater deviations from the null.
We used H = 99 and, for each 7, repeated the simulation 5000 times. The results, illustrated in Figure 3,
indicate that our methodology performs well even with unbalanced sample sizes, achieving greater power in
the most unbalanced case, which corresponds to the largest sample sizes in this setting.

We extended our analysis to a discrete setting with larger finite support. Specifically, we set J =
3 and n = m = 250, where the X;’s were independently drawn from a multinomial distribution over
{0,1,2,3} with probabilities px = (%, %, %, %), and the Y}’s were sampled from a multinomial distribution

with probabilities py = (ﬁ, %, 9":1235’7, 30255"), with n € {0,...,0.4}. When n = 0, the null hypothesis
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holds with r = (1, 3,3,10); increasing 1 corresponds to larger deviations from the null. We fixed S = 50
and repeated each experiment 5000 times, comparing three different methodologies in this setting. Figure 4
shows the results. The DRPT using the V-statistic (11) and the U-statistic (12) with the collision kernel
keon(z,y) == ijo 1{z = j}1{y = j} are shown in blue and purple, respectively. The classical MMD
permutation test combined with rejection sampling, as described earlier, is shown in green. Overall, the
results show a notable drop in power when rejection sampling is used. Furthermore, the tests based on (11)
and (12) are nearly indistinguishable, as expected, since the difference V' — U vanishes asymptotically as the
sample size increases. Finally, Figure 5 presents the analogue of Figure 4 for a related testing problem with
a less extreme shift. Specifically, the shift vector is » = (1,1,1,1), so the problem reduces to the classical
two-sample testing setting. The X;’s are drawn i.i.d. from the uniform distribution on {0,1,2,3}, that is,

Py = (%, %, %7 %), while the Y;’s are sampled from a multinomial distribution with p{ = (1,1 14y 17y,

where v = %:’ (% + V%*o) This specific choice of v ensures that D(px,py) = D(p'x, p}y ) for all values of 7,

144 04
where the separation D(f, g) is defined in Appendix B. The empirical results in Figure 5 appear to support

the earlier conjecture that nearly uniform shifts are, in general, more difficult to detect.

5.2 Real-world application
5.2.1 Stroop-effect and New-York-frisk datasets

When working with simple classes of distributional shifts, our hypothesis tests can be inverted in the usual
way to furnish confidence sets, offering useful insights to practitioners. To illustrate this, we consider two
practical scenarios, beginning with the well-known Stroop effect (Stroop, 1935). This refers to the cognitive
interference observed when an individual attempts to name the colour of the ink of a word that spells a
different colour (incongruent), compared to naming the colour of the ink when the word and ink colour
match (congruent). Typically, reaction times and error rates differ significantly between these congruent
and incongruent conditions, indicating distinct underlying distributions for concordant (congruent) and non-
concordant (incongruent) stimuli. The data set consists of observations from 131 individuals, each with two
recorded values: X, representing the time taken to name a set of concordant pairs (i.e., colour-word-match)
and Y, the time taken to name an equal number of discordant pairs (i.e., colour-word mismatched). We
standardise the data, and test the hypothesis g(y) o e¥/" f(y) for varying n € {0.01,...,0.3} using the DRPT
based on the U-statistic (12) combined with the Gaussian kernel Kgauss- The results in Figure 6 show that
there are values for which such modelling assumptions cannot be ruled out, especially in a neighbourhood
of 0.2.

In a similar spirit, we also consider the New-York-frisk dataset for the years 2011 and 2012, which contains
detailed records of police stop-and-frisk encounters, including demographic, contextual, and outcome-related
variables. Although the dataset contains a wide range of features, we limit our analysis to stops recorded as
criminal possession of a weapon and retain only the indicators reflecting whether different types of weapons
were found during the frisk. These indicators are then combined into a single binary variable indicating
whether any weapon was found. The sample is then divided into two groups based on whether the individual
is identified as Black or White, resulting in two binary datasets: X, where a value of 1 indicates weapon
possession among Black individuals, and Y, where a value of 1 indicates weapon possession among White

individuals. The X sample contains 82,626 observations, whereas the Y sample comprises 6,383 observations.
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Figure 6: p-values of the DRPT testing g(y)
e¥/Mf(y) for n € {0.01,...,0.3} on the Stroop
data. The DRPT was performed using (12)
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Figure 7: p-values of the discrete DRPT testing
w1 /wo = b1 /b for r € {0.1,...,7} on the NY-
Frisk datasets for the years 2011/2012 (blue)
and 2015/2016 (brown). The DRPT was per-

formed using (11) with the collision kernel.

A conjecture in the literature, illustrated in Figure 1(b) of Goel et al. (2016) and recalled in Section 8.1 in
Koh et al. (2020), suggests that Black individuals are approximately five times less likely to possess a weapon
compared to White individuals. We examine this claim using the discrete DRPT using (11) as test statistic.
Specifically, when testing the relation w;/wg = rby /by for r € {0.1,...,7}, where w; and b; denote the
probabilities of weapon possession for White and Black individuals respectively, the DRPT does not reject
the null hypotheses for values of r between 5 and 6. This supports the claim that, conditional on being
frisked, Black individuals in 2011-2012 were about five times less likely than White individuals to be found
carrying a weapon, even though they were frisked more frequently. We also considered analogous datasets
for the years 2015 and 2016, which, after applying the same data cleaning process, contain the records of
138 White individuals and 2,298 Black individuals who were frisked on suspicion of carrying a weapon. The
reduction in sample sizes, along with the results in Figure 7, where values of r between 2 and 4 are not

rejected, may suggest a change in frisking or stopping practices between 2011 and 2016.

5.2.2 Conditional two-sample testing on the diamonds datasets

We now assess the performance of the DRPT in the conditional two-sample testing problem, as outlined in
Section 4.2. Our analysis utilises the diamonds dataset, which is available in the R package ggplot2, and
contains 53,490 observations with 10 features, including price, carat, clarity, and colour. Following Lee et al.
(2024), we designate the price variable as Y and use the six numerical variables (carat, depth, table, x, v,
z) as predictors X. Prior to the analysis, we standardise both X and Y. To introduce covariate shift, we
implement biased sampling procedures: X() is sampled uniformly from the original feature space, while
X®@) is sampled with probabilities proportional to exp(—x?), with ; representing the first feature of X.
Under the null hypothesis, the response variable Y is uniformly sampled for both YV and Y(®). Under the

alternative hypothesis, ¥ (!) remains uniformly sampled, while Y (?) is sampled with probabilities proportional
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to exp(—y), where y corresponds to the dataset’s Y values. We compare our methodologies against several
hypothesis testing approaches introduced in Lee et al. (2024): the single-split classifier-based test (CLF)
and its cross-fit version (fCLF), and the linear-time Maximum Mean Discrepancy test (MMD-!) alongside
its cross-fit counterpart (MMD-]). Additionally, we include the Conformal Prediction (CP) test based on
conformity scores (Hu and Lei, 2020), and the Debiased Conformal Prediction (DCP) test, which enhances
CP through Neyman orthogonality and cross-fitting (Chen and Lei, 2025). Results are presented in Table 2,
demonstrating that our method achieves effective control of the Type-I error and exhibits competitive power
compared to other methodologies. In our simulation, we used an 80/20 split, allocating 80% of the data to
marginal density ratio estimation and 20% to testing. Consistently with all the other methods, the marginal
density ratio is estimated either with the linear logistic (LL) or the kernel logistic (KLR) regression. The

testing phase was performed using the U-statistic (12) combined with the Gaussian kernel Kgauss-

Table 2: Simulation results for the conditional two-sample testing problem on the diamonds dataset.

Estimator Hypothesis Test 200 400 800 1200 1600 2000
LL Null CLF 0.0900 0.0650 0.0750 0.0450 0.0675  0.0425
LL Null Cp 0.0650 0.0875 0.0925 0.0575 0.1100 0.0925
LL Null 1CLF 0.0950 0.0675 0.0850 0.0750 0.0450  0.0675
LL Null tMMD-l  0.0700 0.0700 0.0675 0.0550 0.0750 0.0625
LL Null MMD-I  0.0750 0.0650 0.0750 0.0500 0.0575 0.0575
LL Null DCP 0.0375 0.0400 0.0350 0.0425 0.0325  0.0400
LL Null DRPT 0.0600 0.0550 0.0850 0.0600 0.0500  0.0350
LL Alternative CLF 0.1575 0.2050 0.2650 0.3600  0.3925  0.4800
LL Alternative CP 0.2950 0.5275 0.6900 0.8700 0.9050  0.9300
LL Alternative {CLF 0.2425 0.3675 0.4700 0.6225 0.6575 0.7575
LL Alternative tMMD-{ 0.0975 0.1100 0.0900 0.1075 0.1125  0.1275
LL Alternative MMD-I  0.0650 0.0675 0.0850 0.0825 0.0975 0.0850
LL Alternative DCP 0.1750 0.4150 0.6750 0.7925 0.8250  0.7950
LL Alternative DRPT 0.1500 0.1800 0.4150 0.5450 0.6350  0.7150
KLR Null CLF 0.0750 0.0575 0.0675 0.0350 0.0475  0.0450
KLR Null Ccp 0.0450 0.0675 0.0575 0.0400 0.0675  0.0500
KLR Null tCLF 0.0825 0.0375 0.0475 0.0400 0.0425  0.0500
KLR Null TMMD-I  0.0200 0.0450 0.0675 0.0650 0.0550  0.0550
KLR Null MMD-I  0.0600 0.0625 0.0725 0.0575 0.0550 0.0600
KLR Null DCP 0.0275 0.0150 0.0275 0.0175 0.0275  0.0200
KLR Null DRPT 0.0400 0.0350 0.0600 0.0500 0.0600 0.0300
KLR Alternative CLF 0.0975 0.1525 0.2600 0.3550 0.3675  0.4450
KLR Alternative CP 0.3100 0.5450 0.7450 0.9025 0.9600 0.9725
KLR Alternative {CLF 0.1675 0.2650 0.3900 0.5750 0.6275  0.7150
KLR Alternative tMMD-I 0.0700 0.0625 0.0950 0.1000 0.1225  0.1425
KLR Alternative MMD-l  0.0725 0.0675 0.0800 0.0900 0.0950 0.1050
KLR Alternative DCP 0.2425 0.4325 0.6850 0.8175 0.9200 0.9700
KLR Alternative DRPT 0.1250 0.1750 0.3750 0.5000 0.6300  0.6650
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Appendices

Appendix A provides the proofs for all results stated in the main text, while Appendix B contains additional

results about the power of the DRPT in the discrete, finite-support setting introduced in Subsection 2.1.

Appendix A Proofs

A.1 Proofs for Section 2

Proof of Theorem 1. From the discussion that led to Equation (4) we know that, under Hy, the true data
vector Z and the DRPT copies Z(), ..., ZU) are permutations of Z(y obtained via i.i.d. draws from (4),
conditional on Z(y. Therefore, after marginalising over Z(), the H + 1 random variables (Z, zW Z(H))

are exchangeable. This is sufficient to prove finite-sample validity for every test statistic 7. O

Proof of Proposition 2. The proof consists of simply checking the detailed balance equations for the Markov
chain defined by the algorithm. Denote with P the collection of all K couples of indices {(i1, j1),. .., (ix,jx)}
such that (i1,...,ix) contains distinct elements from [n], and (ji,...,jx) contains distinct elements from
{n+1,...,n+m}. For any 7 € P and any permutations p,p’, we write p ~, p’ if p can be transformed
to p’ by swapping any subset of the pairs in 7. We now compute the transition probability matrix of the
Markov chain defined by Algorithm 1. Every probability sign has to be intended conditionally on Z(). For

all t € Ny and any permutations p, p’, we have

1
P{Pt:pwptflZP}ZWZP{HZP/|Pt71=p,7't=7'},
TEP

since at each time ¢, Step 3 of the algorithm corresponds to drawing 7; € P uniformly at random. Next, given
7 =7:={(i1,/1),--., (ix,jr)} and P;_1 = p, it must be the case that P; satisfies P; ~, p by definition of
Steps 4-5 of the algorithm. In light of the definition of the odds ratio for each B jr 10 (5), we see that for

any p’,p” ~, p, we have

P{P,=p'|Py=pr=1} I r(Zp (i) I (Z i) I r(Z (i)

- — — o . - (s (i
PP =p' | Pr=pr=rt 2 T Zera)) e e T @) e e TEwran)

_ 11 r(Zwyy) _ P{P=p'}

- (Zwriy)  B{P=p"}’ a7

r
je{n+1,....,n+m}
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where in the second equality we used the fact that r(Z, (;y))/r(Zy(jy)) = 1 for all j ¢ {j1,...,jk}, while
in the last step we used the definition of the distribution (4) conditional on Zy. Therefore,

o o4 b 1{p' ~; p} - P{P =p'}
P{P,=p" | P1=p}= |P|7;>Zp~]l{p” ~ p} P{P=p'}

This, together with the fact that ~, defines an equivalence relation on P, shows that

1{p ~r p} -P{P =p'}
P{P=p} -P{Pi=p/ | Py =p}=— > P{P=p} L
|7’\ s Y, Y ~p}P{P =p"}

This verifies the detailed balance equations, and so the Markov chain is reversible and has (4) as stationary
distribution. Moreover, since r(z) is assumed to be positive for all € X, it follows that the chain is

aperiodic and irreducible, ensuring the uniqueness of the stationary distribution. O

Proof of Proposition 3. The proof relies fundamentally on the reversibility of the Markov chain defined in
Algorithm 1, a property established in the proof of Proposition 2. This reversibility permits an alternative
but equivalent sampling procedure under the null hypothesis: we may first sample P, from distribution (4)
conditional on Zy, and subsequently generate (P, P .. PU)) through H + 1 independent applications
of Algorithm 1, each running for S steps and initialised at P.. The independence of these runs, combined
with their shared initialisation point P, ensures that (P, pL_ . pH )) are independently and identically
distributed when conditioned on P, and Z(y. This conditional independence directly implies their exchange-

ability, and concludes the proof. O

A.2 Proofs for Section 3

nf+mg

Proof of Lemma 4. We begin by proving that there exists a unique Ag such that h = Ao

is a density

function. Define the function

Ry = Ry

Jr
A [ 2k,

(19)

which can easily be seen to be continuous. It also straightforward to see that F' is strictly decreasing, since
if Ag > A1 > 0 we have

nf(@) +mg(x) _ nf(x) +mg(x)
n+ Aomr(z) — n+ Amr(z)

for all x € X,

and this inequality is strict in the support of f and g as we are assuming that r(xz) > 0 for all z € X. Tt
is clear that limy_,o F/(A) = 1 +m/n > 1, while limy_, 1o F'(A) = 0 < 1. Thus, by the intermediate value
theorem and the strict monotonicity of F' we have established our first claim that Ay exists and is unique.

It can now be seen that h satisfies the requirements of the result. Indeed, we have

nf +mg 1 n
1= —
/hd /n—i—)\omrd'u n/n—i—)\omr(nf_'—mg)du
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A
- %/ <1 - T%) (nf +mg)dp = % (/(nf+mg)du— /(Aomr)mdu>

1
<n+m/\0m/'rhdu> :1+mf)\om/rhdu,
n n n

which implies that Ao = ([ rhdp)~'. This shows us that nh + m( [ rhdu)~'rh = nh + Aomrh = nf + mg,
so that h gives rise to null distributions for which the distribution of the combined sample matches that of
our data, concluding the existence part of the result.

As for its uniqueness, observe that any density h preserving the combined distribution under the null

hypothesis must be of the form h for some Ay positive, since

h -1
nf+mg=nh+m-——= n—|—mr(/rhd,u> h=(n+ Xomr)h
Jrfdp
But the \g such that h integrates to 1 is unique. This completes the proof.
O

Proof of Lemma 5. Suppose that the null hypothesis holds, so that g = rf/ [ rfdu. It follows from Lemma 4
and its proof that f = h and that A\g = ([ rfdu)~'. We therefore see that A\orf — g = 0, so indeed
Trq.(f,9)=0.

We now turn to the reverse implication. Assuming that f and g are such that Tz, (f,g) = 0, we will
show that Hy must be true. By assumption, H is dense in Cp(X) with respect to || - ||o, so that for all
¢ € CY(X) and all € > 0 there exists ¢ € H such that ||¢ — @l < €. Thus

Aorf—yg Xorf Aot f —g g
‘/”/m-l-)\o?” ‘ ‘/n/m—i—)\or d“’ ‘/ /m—i—)\or N‘_F)/n/m_’_)\m,(ﬁﬁ—@)dﬂ

< [ 116~ elau-+ 1ol Trr(7.9) + 2 [ glo — oldu
— [ 10— pldu+ 7 [ glo~ pldn < (14 mfn)e

where in the only equality we used our assumption that T ,(f,g) = 0. As € > 0 was arbitrary, we now see

that [ #m¢ dp =0 for all ¢ € CP(X), which further implies

mg Xomr f

n—+ Aomr 1+ Aomr

by Lemma 9.3.2 in Dudley (2002). Simplifying this inequality we see that g = A\orf o rf, as required. [

Proof of Theorem 6. We assume throughout the proof that Hy does not hold and aim to show that
P{DRPT does not reject Hy} — 0

as n — 0o. Since we assume that H > [1/a — 1] we have a(1 + H) — 1 > 0 and we can therefore apply
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Markov’s inequality to see that

H
P{DRPT does not reject Hy} =P {1 + Z KT (Zym)>T(2)} > a(l+ H)}
h=1
E S HT(Z,0) 2 T(2)}] H
= al+H)—1 T a(l+H) -1

P{T(Z,n)>T(2)},

where the last step follows from exchangeability. Using the shorthand o = ¢(*) it now suffices to show that
there exists 1 > 0 such that T(Z) L,y and T(Z,) 0.
We will first prove that E[|T(Z,)|] = E[T(Z,)] — 0. Write

L (s dmr(Zo) e n
17 = — —————0(Zsi)) — ———9(Zsj) |
® n ; n+ Amr(Zy(;)) @ j:ZR:H n+ Amr(Zy ;) @)

so that we have T(Z,) = sup|,,,<1 [Tg|- Write N = N(6) = N ({{l¢llw <1},6, |- [ls) for the covering
number of {|l¢|lx < 1} with respect to || - ||oo and let {¢1,...,¥ N} be an associated é-cover. Now, for a
generic function ¢y € H such that ||po|l < 1 we have

E[T(Z;)] =E | sup (|TZ]—[TZ,)

+E[|T°
el <t 175l

<E| sup (ITZ|—ITZ)| +E[T]<E| sup T517T52| +E[TZ ]
lon 2 <1 ol <1
L]z <1 ozl <1

<2E sup TS -T2 || +2E [max T —1T9
[PATES! 75 - T z‘e[N}' T
llp2lln <1

LlIle1 =2l <6

<2E| sup |[Tg]
lplloe <5

} +E[Tg, ]

+ (4N +1) sup E[T7[], (20)

llelln<1

where the penultimate inequality follows from a one-step discretisation argument as in Equation 5.34 in
Wainwright (2019) and the final inequality follows on bounding the maximum by a sum, using the fact that
T, - 1Tg, =17 _,, for any ¢1, 2, and using the triangle inequality to say that max;c(ny |11 — ¥illn < 2.
We will now bound each term on the right-hand side of (20) separately. As for the first, observe that

1| <& er(Zg(i)) fanig n
TS ==Y ———20(Zo)) = >, —=———0(Zos)
’ = 4 Amr(Zse) eant Amr(Zq ()
1 | — er(Zo(i)) JaiC n n—+m
<- ——————p(Zy())| + ————p(Zs(j))| ¢ < el oo
n ; n 4 Amr(Z, () @ j:;“ n 4 Amr(Zy;)) @) n
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for any ¢ € H, which implies that

E| sup |T7| §n+m5.
llelloo <o
We now turn to the second term in (20). With our assumption that || - [« < || - |[% for a constant =,

it follows from the Cauchy-Schwarz inequality, Equation (25) and Lemma 7 (i) that for any ¢ such that
lell# < 1 we have
12 _ (c+C)n+m

E(7g, | < {E[(T)°]} 7 </ —— 7

Putting these bounds together, we see that for any § > 0 we have

EIT(Z,)] < 2" 5 4 (4N (8) + 1}y LT m
c n
Since we assume that N ({{|¢[|% < 1},0, ]| - [l«) is finite for all § > 0, there exists a sequence (d,)nen, such

that 6, \, 0 and N ({[|¢]l% < 1}, 0, || - leo) < n'/4, for all n € N,. This implies that d,, +n~ /2N (6,,) — 0,
so that E[T'(Z,)] — 0, and we therefore have that T'(Z,) 0.
It now remains to study the behaviour of the unpermuted statistic T'(Z). Define the population quantity

Aorf—g

Tr,= sup |I,|, where I ::/7<pd,u
T ezt 7 n/m+ Ao

with A such that [ 2™ 4, = 1. Furthermore, define its asymptotic counterpart to be
n+Aomr

Aot f — g

T, = sup |I°|, where I ::/Ooigodu
o wHHg' v ’ T+ Aol

with A such that wdu = 1. As we are working under the alternative hypothesis, we know by
TH+HAooT

Lemma 5 that 7%, > 0. Writing id for the identity permutation, we have

IT(2) = Trol = | sup T3~ sup |L]| < | sup (T3] =L)< sup [T} 1]
llellre<1 lell# <1 Il <1 lolla <1
1< Amr(X;) 1 «— n Xorf —g
= sup |-y ——=——¢(X;)—— Aisﬁ(y')—/igod,u
lellze<t n;”"‘)‘mr(){i) ' n;n—l—)\mr(Yj) ! n/m+ Aor
< p |1y Ay [ 2ol
lellz<t| M = n+ Amr(X;) n+ Aomr

m

1 m mg
+ sup |— Aigo(Y»)—/igod,u .
lpllz <1 m;nJrAmr(Yj) ’

These two terms can be bounded by almost identical arguments so we will restrict attention to the first. By
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the triangle inequality this is bounded by

1S mr X; 1w~ Aomr(X;
up Ly AED_py  Lyn Ao ix,)
el <t |7 = n+ Amr(X5) n = n+ Aomr(X;)

+ sup
llellze<1

IZIAW“&WWMaj/AWwaM

n = n+ Aomr(X; n + Aomr

< /do—1] sup {Tll Z Xomr(X;) n < |¢(Xi)}

llellae<1 o nt Xomr(Xi) n 4+ Amr

1~ Aomr(X;) [ Aomr(X1) ]
+ su - _2omi A x,) —E |2 ox
fellusr |7 ; - domr(x) P n o+ domr (%) 7Y
~ Aomr(X;) { Aomr(X1) ]
<A =1+ sup =Yl () — B | S o (X)) |
T ”“"”“pfl i3 n+)‘0m7’(Xi)w( ) n+)\0m7’(X1)@( )
where in the last inequality we used our assumption that || - |lec < ¥|| - ||%. By Lemma 12 below and the

fact that C~1 < \g < ¢!, we have E|X/)\0 — 1| = O(n=/?) as n — oco. Turning to the second term, and
recalling that we write N = N(6) = N ({||l¢llx < 1},6, || - ||oo) for the covering number of {||¢||x < 1} with

respect to0 || - ||oo and {¢1,...,%n} for an associated J-cover, we have

1gn domr(X) oy g demr(Xy)
’ ”“as”lj*pfl " ; n"")‘OmT(Xi)@(Xl) E{n—k)\omr(Xl)(p(Xl)}H
1< Aomr(X;) Xomr(X:)
SR n§rmm¢j<xi>—ﬁ{m¢j<xl>}|]

<25+ N max E
JEN]

I~ omr(Xs) Aomr(X1) YN (9)
— ——————— (X)) —E{ ——————; (X <25

n ; n—l—)\omr(Xi)wj( ) n—&—)\om?“(Xl)%( ) S 20+ nl/2
for any § > 0. As earlier in the proof, we can choose an appropriate sequence (J,,) such that this right-hand

side converges to zero as n — oo. Combining our previous bounds, we see that

E|T(Z) —Tx,| — 0. (21)
Furthermore, we have that
T7r—T7,|=| sup |I,|— sup }I:,o < sup |I<p — I;°|

lollz <1 ol <1 llllae<1
— s /( lorf—g Aoorf—g>(pdu‘

llella<1 n/m+ Aor T+ Aot

Arf—g  Arf—yg / Arf—g  Arf—yg
< . - dp < - d
N <|¢S|lip§1 Il > / n/m4Xor T+ Aot p=7 n/m+Xor T+ Aot a
[T —n/m| + |Aoc — Ao|r [Ase = Aol

< Aoo d ———rfd
SV | Gim A aen)(r +oamr) ot F )ty [ o
Sy{l+m/ni{lrm/n =1+ [Ac/Ao = 1} + 7| Asc /A0 — 1. (22)
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Since A\g, Moo € [C71, ¢! under 0 < ¢ < 7(-) < C, we can show that the above expression converges to zero
provided that n/m — 7 and Ao — As. To justify the latter claim, it suffices to observe that (19) converges
uniformly over [C~1, ¢71] to

Ry — R4

B Tf+9
A
HIT+>\T

dp

as n,m — oo by the dominated convergence theorem. This, together with the continuity and the strict
monotonicity of F*° and the functions in (19), implies the pointwise convergence of the inverse functions,

thus showing Ao — As. Combining (21) and (22), we obtain
E|T(Z) - T%,| <E|T(Z) = Tr,|+|Trr — T7,| =0,

which yields T(Z) N 1%, > 0, thereby completing the proof.

Lemma 12. Assume m <n<7m fort>1, and0<c<r(x) <C forallz € X. Let X be such that

zn: Amr(X;) B 7%” n
on +er(Xi) e —|—er(}/})

and \o such that
nf +mg
————dp=1.

n+ Aomr

There exists a constant Qo = Qo(p,c,C,7) > 0 such that
E[[A — Xo|?] < Qon /2 for all p € N.

Proof. We know that Nis a Z-estimator, being the solution with respect to A of

1 n+m

Upm(N) = — kz:; Ux(Zy) =0, with y(z) =

_ntm
n+ Amr(x)

whereas \g is a population quantity and satisfies

nf mg
—d ———du = 1. 2
/n—l—)\omr M—’_/n—i—/\omr'u (23)

We can use the assumptions m <n < 7tm and 0 < ¢ < r(-) < C to show that

oYx(z)  (n+m)mr(x)

OA {n+ dmr(z))?

er Y1+ 77 1)n? A+71)
< - =- =: — =—
~ (14C/e)n? T2(c+ C)? o, C,7) <0,

which implies that for all € > 0 we have {\:\\— Xo| <€} D {|\I'nm(X) — U, m(No)| < ae} = {|¥p.m(Xo)| < ae},
using the fact that \Ilnm(X) = 0 by definition of X Asa result, the previous inclusion shows that the

boundedness assumption on r(-) allows to relate how close A is to Ag with |¥,, .,,(Ao)|, which is easicr to
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analyse since it is the sum of zero mean, bounded i.i.d. random variables. In this regard, we have

n+m
1
(2T 1)) > ae
n+m n + Aomr(Zg)

k=1

P{X = Xo| > €} <P{|Tpm(No)| > ae} = P{

(23) 1 n 1 m / nf / mg
=Pq|l-y —————+ — - dp — | —————dp| >
n;nqL)\omr(Xi) + m;n+)\0mr(Yj) n+ Aomr a n+ Agmr py = ac

na®e? ma?e? na®e? na®e? na®e?
< 2expq — > +2exp<{ — 5 < 2expq — 5 +2expq — o <dexpq — o7 ,

(24)

where in the last line we applied Hoeffding’s inequality for bounded random variables (see Wainwright, 2019,
Equation 2.11) to 0 <

n+/\(’)”MT(.) < n+/\0”mr(,) < 1, and the assumption that m < n < 7m. We can thus

bound the moment of order p of D\\ — Ao as

EHX—AO\P]:/ P{|X—A0|pze}de=/ P{A — Ao| > € }de
0 0
o o \E oo [ 5
:/ P{A = Ao| > e} per—lde = | 22 / PLR = ol = /248 pertar
0 na? o na?
or \ % o0 1 g2 2r \ % [ P_1 4 27\ ? P
<2p| — 2P eV dt = 2p | — t2 e tdt =2p | —= I'(=
- p(na2> /0 ¢ p(na2> /0 Pe p(na2> (2)’

where in the last equality we used the definition of the Gamma function. This completes the proof. O

Proof of Lemma 7. We will start by proving (i). The strategy is to relate the distribution of

n

Sn 1 ~
— = = Zo(i)) — dHn my
" nZ<P( (i) /<P :

i=1

where o is sampled from (3), to that of an analogous version that evolves over time according to an equivalent
version of Algorithm 1. More precisely, writing o; for the permutation at time ¢ € N of this new algorithm,
we consider a procedure that at each time step ¢ samples i € [n] and j € {n +1,...,n + m} uniformly at
random, and switches Z;, ;) with Z,, ;) with probability

;

(n+ erf)(n + :\\mrﬁ») ’

nmr

pi j = P{switch i and j at time ¢ | i, are selected} =
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where 1} := 1(Z,,(;y) for all i € [n+m]. As already outlined in Remark 1, this algorithm still targets the
distribution (3) since pf ;/p}; = rf/r%. Consider

_ 1 & - Zi
Fn = *Z(p at(t) /Sden,m = EZSO(ZUt(i)) o Z #
i=1

= n+Imr(Z;)

n+m

1 @(Zot 7 )
—Zso(Zm@) D D UL
nia i1 Nt /\mT(Zat(i))

n ¢ = n+Amr(Zs, ) et Amr(Zy, ()

1 n :\\mT(th ; ) n+m n
=—(> 0 (Z ) — > —————0(Z )
n\ i n+Amr(Zy, ) et Amr(Zgy, ()

n+m

1 (& et n '
= E Z —_— t(‘pi - Z = 28K (25)

t
= n+Amry o o Amry

where we further defined ¢! = p(Z,,(;)) for all i € [n + m]. Supposing that the algorithm is initialised at
the stationary distribution (3), we have E[(n=1S,,)?] = E[(n=1S%)?] for all t € N, therefore it is equivalent
to prove the claim (i) for St /n. This approach offers the significant advantage of allowing us to leverage
the Markov chain’s dynamics to construct zero-mean random variables that can be linked to S! using the

definition of pf ;. In this regard, since switching the indices i and j at time ¢ gives Syt — S}, = ¢} — ¢}, we

have
2
St+1 2 n  ni+m n  nt+m St +<P (,02§ B
B|(B5) 1oz = Y A (B) e X (R
i=1 j=n+1 i=1 j=n+1
S n  n+m 2 » 9 St n n+m
S (B) S e 2 S e
=1 j=n+1 1=1 j=n+1
As a result, the law of total expectation and the fact that the procedure is initialised at stationarity imply
that
gt+1 2 St 2
0=E ( n —-E|{=
n n
n n+m 2 t n n+m
~t n
=SBl Y @ R S S )8
=1 j=n+1 =1 j=n+1

Introduce the notation ¢! := Amrt/(n + Amr!) so that we may write Pi; = qi(1 — ¢%). With this definition
it follows from (10) that we have 31" ¢f = S"*™ (1 — q;). We therefore have

Jj=n+1
n  n+m n  nt+m
Z Z <‘0] pZJ Z Z <pj q7, 1_QJ)
=1 j=n =1 j=n+1
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n+m

n n+m
= Z (1-4}) (qu,) (Z%) 4 @1 —q})

j=n+1 =1 =n+1
n n+m n

= <Zq5> Z%qz > li—ql) | = < qf) Sk
=1 j=n+1 =1

Then, for ||¢]lec < B < 00, it follows that

Now observe that under the assumption that 0 < ¢ < r(z) < C for all z € X, we have that c-l< h) <!

which implies

me mC
—— < ¢ < ———
me + nC mC + ne

St 1 SEN\?
(%)) =2 |(ax) (%)
n n “ n
i=1
which gives E [(n_lel)Q} < 2B%(mc+nC)/cn?. Similar calculations show that we also have E [(n_lel)Q} <

2B2%(nc + mC)/en?, and summing the two gives

(3

This concludes the proof for part (i), and further shows that n=1S5! % 0 since n/m— 7 € Ry.

for all ¢ € [n +m]. (26)

It follows that
me

2mB?
_— <
me + nC

— )

n

We now move on to proving (). Let h be the density of the form h = gj;’fnqr for a suitable constant

Ao > 0 such that [ hdu = 1. By the triangle inequality we have

+ ‘/wdfln,m—/sohdu‘ + ‘/w(h—hm)du‘

IN

1 n
=~ o(Zoa) - /@hoodu
1=1

1« .
|nz<p(za(i)) _/(den,m
=1

= (I) + (II) + (I11),

and since (1) 50 by part (i), it remains to show that (/1) and (I17) likewise converge to zero in probability.
We proceed by analysing each term individually. As for (I7), observe that

n+m
- ©(Zi) nf +mg
II:/dHnm—/ hd‘— Ai—/ SRl
(11) ‘ pdH,, phdp ;nJFAW(Zi) iy yomell /]
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n n+m
(X, (Y ny me
= n+Amr(Xq) 50 nt Amr(Y)) n+ Aomr n+ Agmr

IA
-
&
=

n+m . m
Z & _/igdu =: (a) + (b).

o)
- fdp
TL+ATI’LT(X7) / n—|—)\om7’ ot n+)\mr(y}) TL—!-/\Omr

Each of these terms is bounded using very similar arguments, so we restrict attention to (b) here. We have

n+m

1 me(Y; m

(b) = |— i@( i) —/ )\4,0 gdu

m.Siin+ Amr(Y;) n + Aomr

n+m n+m n+m
1 me(Y; 1 me(Y; me
§7§: _7§:#+7§: (¥;) _/ gy,

Sint )\mr Y]) mof= n+ Aomr(Y;) moL= nt Xomr(Y;) n 4+ Aomr

where the second term converges to zero in probability via Hoeffding’s inequality, by combining a similar
argument to that in (24) with the bound ||¢|lcc < B. As for the first term, we have

i% me(Y;) _i"i:" me(Y;)
n+ Aomr(Y;)

m j=n+1 n+ )\TTLT‘(YYJ) j=n+1
n+m 2
~ 1 A Y;)p(Y;
— (1= 2/2) Z om*r(Y;)e(Y;)

m e {n+ Amr(Y;) Hn + Aomr(Y;)}

n+m
Aomr(Y; n Bm ~
\A/Ao—ll > ey, ( oY) )( = )snlA/Ao—uLo,

] =n-+1 n+ /\Omr(Y]) n + )‘mT(}/;)

IN

using Lemma 12, the fact that C~! < X\g < ¢ ! and n/m — 7 € R,. An almost identical argument applies
also to (a), which implies that (IT) 5 0. As for (III), we can use again the fact that ||¢||cc < B to show
that

nftg  Tf+yg

mlt9 Tty /
I = h — hoo)pdu| = m - d| < 0o d
i = | [ >w] [ (- L) e < v [ |25 - T2
T - IT— &+ |>\ — Ao|r
<B
[ g B [ R e e+ g0
arguing as we did for (22). This concludes the proof. O

Proof of Proposition 8. This proof borrows ideas from the proof of Lemma 4 in Gretton et al. (2012). Define
the linear operator

T H—-R
rf - Aot/ d
P = f n/m—i-)\or(p K-

Using the reproducing property of the RKHS, i.e. p(x) = (p, k(-,z))%, we can show that this operator is
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bounded, since for all ¢ € ‘H we have

dor(2)f (2) [ De@i@
el < [ o owlauta) = [ S BEE ko))l o)

<wwm/¢ D@ @) )

n/m+ Aor(z)

which shows that |T;.¢¢|/||¢]|% is bounded uniformly in ¢. The same is true for the linear operator

H—R
T, : .
¥ = f n/m+AOTSDd/’L7

hence the Riesz representation theorem implies that there exist m, s, my € H such that T.5o = (myf, @)y

and Typ = (mg, ¢)y. Furthermore, using again the reproducing property of H, we have that
Aor(x) f ()
rr(t) = (myg, k(t, - =T,¢k(t,) = k(x,t)d
mes(t) = (mep (e = Togk) = [ DB b (o)

and, similarly,

_ g(x) . .

This implies that

/>\on—9 d
n/m—i—)\or(p

2 2
ul ] = sup |Trpp—Typl
el <1

2
= (I SHUP< |(myp — mg,<P>H|> = [|mrp — mgll5, = (Mg, M) + (Mg, Mg — 2(my g, mg)n
el <1

OO Nor(@)f@)
- /X n/m+ Aor(t) </X i+ or(z) T O )> dp(t)
9(t) g(z)
+/ n/m+ Aor(t </ n/m+ /\or(ac)k(z’t)du(z)> du(t)

)
Aor(t)f(2) 9(x)
- 2/ n/m+ Aor(t) (/X n/m+ Aor(x) k=, t)du(x)) dp(t)

o | Mr(X)r(X')
{n/m+ Xor(X)Hn/m + Aor(X")}
1
{n/m+ Xor(Y)Hn/m+ Xor(Y")}
Ao7(X)
{n/m+ Xor(X)Hn/m+ Aor(Y)}

T]2-',r(f7g) = < sup

llelln<1

k(X X’)]

+&”{ mxwﬂ

—2Exy [ kE(X, Y)} ,

where X, X’ iid f independently of Y, Y’ i g, and concludes the proof. O

Proof of Theorem 9. We consider a kernel function K : R — R that satisfies the assumptions in Section 3,
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namely K € L'(R) N L?*(R) N L*(R) and K(0) = 1. Based on this, we define the constants

i (d) = (/R|K(u)|jdu>d<oo for j € {1,2,4},

which are finite by assumption. Since the kernel is fixed in advance, we omit its dependence from the
notation. We frequently use the analytical properties of the product kernel k; with bandwidth ¢ > 1, which

satisfies
/d ke (z,y)) dy = ¢U—D4 (/ | K (u) ) du) =r;(d)¢Y Ve forall z € R and j € {1,2,4}.
R R
As a result, using the fact that max{||f||ec, [|g]loc } < M, it follows that for any z € R? we have
Bllkc(e. X)P) = [ | kelw)V fdy <31 [ ko)l dy = My (@007 for j & {1,2.4)

and similarly for the expectation of |k¢(z,Y)?. Furthermore, these bounds imply the same bounds on the
quantities E[|k¢ (X1, X2)[7], E[ke(Y1,Y2)[’] and E[|k¢(X,Y)|] for all j € {1,2,4}. Now, we already know
that the DRPT controls the Type-I error at a nominal level a, so we can bound the minimax separation p;
by controlling its Type-II error. In order to do this, fix 5 € (0,1 — «), choose H > 2[;—5 — 1], and suppose
(f,g9) € Sj(p) satisfies

1/2
MMD?, (f, g) = max {2E[Ui — Uy] = MMD7 (£, )l (agﬁ Var[Uy — Uid]) } : (27)

where U, = U(Z,) and Uyq = U(Z), with U defined in (12) and o sampled from (3). Then, a double

application of Markov’s inequality shows that

H
1+ HP{U, > U,
P{p>a}:P<1+Z]‘{Ug(h)ZUid}>(1+H)Oé>S + {Us 2 Uia}

= 1+ H)a
1 H Var[U, — Uy 1 Hop
§(1+H)a <1+ {]E[UUUid]}Z’)S(lJrH)a <1+ 5 )Sﬂ.

Bounding the terms on the right-hand side of (27) is therefore sufficient to establish an upper bound on

the minimax separation with respect to the squared shifted-MMD metric. However, since our goal is to

2

ke to

characterise the separation in terms of the L? distance defined in (13), we must also relate MMD
this L? norm. The proof proceeds in two main steps: first, we analyse the expectation and variance terms
appearing on the right-hand side of (27) and derive appropriate upper bounds. In the second step, we
express the squared shifted-MMD as the sum of the square of the separation metric in (13) and the bias
term ||¢, — ¢ * 1, ||3, which can be controlled using the smoothness assumptions associated with the Sobolev
class. Combining these two steps yields an upper bound on p}. Throughout the following we set { = na¥a
so that in particular n=2¢¢ = n~Teta < 1. Also, for parameters aq,...,ar, we denote by Q(ai,...,ax) a

constant that depends only on these parameters. Its value may change from line to line, but it may only
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depend on on aq,...,a.

e Mean and variance of U,
We begin by analysing the second moment of the permuted U-statistic. Through the following, sums over ¢’s
are to be intended for ¢ varying in [n], sums over j’s are to be intended for j varying in {n+1,...,n+ m},
and sums over k’s are to be intended for k varying in [n 4+ m]. As in the proof of Lemma 7, we introduce a
stationary Markov chain whose stationary distribution coincides with the distribution of our permuted data.
We do this by considering the equivalent version of Algorithm 1 which at each time step ¢t € N samples 7 and
J uniformly at random, and switches Z,, ;) with Z,, ;) with probability

Anmirt
(n + Amrt)(n + eré) ’

Pi ;== P(switch ¢ and j at time ¢ | i, are selected) =

with A as in the statement of Lemma 7 and T = 1(Zo, (k) for all k € [n + m]. Write
Kltj = kC(ZU i ’ZUt(j)) and Kzt = kC(ZUt(i)’ )5

q :z)\LandSt qu Zl—q])

n—l—)\mr

where the last equality holds by (10). In particular we have p} ; = ¢{(1 — ¢}). We define the V-statistic

2

1
Vi= ) Zqthzt Z 1 - ‘IJ)K =: |Ge|3, = (G, Gi)n
H

which coincides with (11) evaluated on our data at time ¢ with kernel k. and will be convenient for our
analysis. We further define the U-statistic

S ne ¢ ey n2 ¢4 02 ot
Uy =Vi = > (@;)” — o2 (1-¢) =V, o (4;) n2§{1+(qj) 2q;}
7 7 7 ]
d 2d d
:th%E (qz) %77625 (17 ) ‘/f*in 2§ mc
k J

permutation independent

which has the same distribution as U, for each ¢ € N. If we swap ¢ and j at time ¢, then the difference

Uiy1 — U, is equal to

204

t t 2 t t t t QCd
ﬁ(qj-—qz-):ﬁ@:t,f{ K>+*||K - K{|3 -

IGe + 7 (K] = KDIF — I1GellF, — —5 (a5 — 47)-
By stationarity, we therefore have

0 =nmE[UZ, — U]
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2

2
=ZE[q5<l—q§-> ({Uﬁfb@m K+ 51K~ KL, - 24 = (g - cﬁ)} —UE)
2,7

2 2¢4
= SoE [t - )20 {2060 K - K+ I - KB - 20— b}
,J

+) E
0.

n2

t o [ 2 t t t )12 2¢¢ t t ’
¢;(1—q5) y (Gt K — K>+*||K Killy——5 (5 —a) ¢ | (28)

which is the sum of a linear and a quadratic term. In order to simplify this right-hand side we now provide
some useful identities. We notice that

Z ¢ K!y = -—nSt Gy,

Zqzl—q] —K)=5,{> (1-¢)K]
J

1 1 2§
3 o dh (=g — K3 = —5 et - ) (2 — 2Kfy) = Z(S) zZqzl—qj
1,7 1,7

and

2Cd t t t t 2Cd t t t t\2 ch t t t\2
— > qi(l—qj)(qj—qi)anz SEAY g1 —q) =D (d) =55 m—Sh—=> (g)? ¢
] i i

Using these identities, the linear term in (28) gives

2 2¢¢
SO a0 af)- 20 { 26K - KD + g IS - KU - e lat - b}
4,

2\ T
— 2U G Kt l_t i Kt_KtQ tl_t_LCi t_ tl_t
= : < 6 (K= KDai(l =)+ — > K = KilRai(1—q) = 5 > () — a)ai(1 = 4))
i, 0, i,J
t t t) m*
=E |20, { 25" Ut+—S +—22 qat) —?
2¢% e t £y gt ¢4 t ty2
+F(Sn) ) Zqz(l_q])Kz] - 725n _Sn_Z(qk)
i i
= —AE [SLU?] - 4E |U,— = Zqi 1—gh)KL (29)
i
As for the quadratic term, it is useful to define G; /) := G, — n~ g Kf — (1 - ¢})K}} and write
2 2¢d
*<Gt,Kt Kt>+*||Kt Kill3, — —5 (45— ¢f)

2
<Gt - *{tht (1- qj)Kﬁ},Kﬁ - Ki) + 5 {aKj — (1 - q)) K}, Kj — K7)
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204

L 12 4
+ EHKJ - K3 — F(Qj - q;)

2, (i 2 2 2¢¢

= (G K~ Kb (K]~ (1= g KGR — K+ (¢ - K = o (d) —a)
2, (i 2 2 2¢4

= (G K - K (0K - ¢l = ¢ = ) + (U= )KL+ (- K - (i)
2 i 2

= (G K - Kb + (a4 K. (30)

Combining (28), (29), (30) gives

E [SLU?] = —4E Up— qul—qj VK +ZE

2
2 2
(1 —qj) { (G, Kﬁ—Kanz(qf—q;)Kfj} 1

<4E IUt|7ZQz 1—q})|K +ZE

,J

9 9 2
at(1- 1)) {n<Gt (“),K;Kf>+7ﬂ<qfq§>Kfj} ]

<4 |E[UZE |n- {qu 1—qj |K! } QZE[(]% en (4:9) Kt K;‘>2i|
+;ZE [af(1 — g} (g — a})*(KY)?]
4\/E[U3}Em—2 S a1 = KL+ SR [l - )G, K - K

Z]E at(1—¢)(a — ¢')*(KL)?]

< 12max \/]E[UE]IE[TL2 Z{qf(l — 4K} 2 Z]E [ql UG, (0.9) K — Kf)z} ;

%Z]E lai (1 — q5) (g fq]) (Kfj) ]

(31)

We will now bound each of the three quantities inside the maximum separately. If the first quantity reaches

the maximum, we can use m <n < 7m, g, € [0,1] and S}, > - (see (26) in the proof of Lemma 7) to
show that

nmec

B [U7) <E[S1U7] < :V Blo=t (a1 - )R )

< 3\/E[UE}E[n2 SOk < 3\/E[U3]E[n2 S (KL )7

k17#k2
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=3 |E[UZE |n-24 > k3(Xi,, Xiy) + > k2(Y;,,Y5) +2) kX, Y))

11702 J1#J2 1,5

= 3\/E[U3}E [n*z {n(n — DE(X1, Xa) + m(m — DE2(Y1, Ya) + 2nmk2(X1, Yl)H

< 3\ [E[UZ] (B[R (X1, Xo)] + EIRZ(V:, Ya)] + 2B[R2(X0, Y1)} < 6y/E[UZ] Mra(d)ct. (32)

Note that in the fourth inequality we bound }_, ; (K} ,;)? by > ks £k (K}, 1,)?, the latter being more advan-
tageous to analyse due to its permutation invariance. Making (32) explicit for the expectation of U? shows
that there exists a constant Qo = Qo(c,C,d, 7, M) such that E[U?] < Q0p> in the case where the first

quantity in the maximum in (31) dominates. As for the case when the third quantity dominates, we can

argue exactly as in (32) to show that

4M Ko (d)C?

2 9

_4ZE qz ]'_q] _qg) (Kztj) ] (33)

n

which implies that E[U?] < QO . Finally, as for the term involving G, (6.9) , we have

= YOE [gf(L - (G ) K - KDY <22 YR (G K2 o YR [(6 0 KD
,J

2% 4,J

and we can analyse the evolution of the right hand side through a version of Algorithm 1 where indices i
and j remain fixed. In other words, the Algorithm works the same, but we are just allowed to swap indices
i # i with j # j with probability qf(l — q;f) We show in Lemma 13 that this procedure still preserves
the stationary distribution. The two terms above can be bounded by almost identical arguments so we will

restrict attention to the first. In analysing the evolution of (G, (0 ), K!)2, it is useful to write

DY G- YK -K) = (D d | [ D =) | = (D (1—a) | | D diK!

i j£j i#i J#i J#i i
= —nSLG, D H (1= g)) Y gl Kl —al Y (1—g)K.
i J#d

Under stationarity, we thus have

0=nmE[G, {7 K} — (G "7, Kl

=Y > Bl -a) {(G O 40 (KL - KD, KD? - (G700 KDY
it jA

=> D En (2 q5(1 — g5 ) (Kt — Kf,Kb?] +on 'K <Gt—<z‘,j>,Kf><ZZq§(1 — (Kt~ K1), K})
i jA i#i j#i

= DB [n el K] - K KD?] - 2B[S;(6 0 KiY

i#i )
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+2n 7 E (G K- )Y gtk — )l Y (1 ¢h) KL KY)

i J#i
2(n — 1) 2(m — 1) (i)
< S Y E (KL KD + T Y E [k KD?) - 2B (G O, K
375 i
+2n 7 E (G K- )Y gtk — )l Y (1 ¢ KL KY)
L i J#i J
< 4 max E[k3(Zy, . Zi,)] — 2B[SL(G; ") K8)?)
k1#k2
2n "B (G KD (L - a)) DD d K —af (1 ¢ EL K
L it J#j J

< AMra(d)C" 2K [S4(G; 0, K1)

+207! B (G 0 KD E [((1- ) Y gk — gl Y (1 g K, KY)?
£ J#3
< AMra(d)C" 28 [SH(G; O, K1’

+2v2 |E (GO0 KD2|E | (01 D0 gt KD? + (0=t 3 0(1 - g KL K2

i#i J#i

< AMRa(d)C" — 2B [S(Gy ) K12 + 4¢E (G D, K4y2] max E[k2(Ze,, Zi,)]

17k

< Mk (d)¢? — 2B [s;@;”’j), Kﬂ + 4\/Mﬁz(d)gdn<: [<G;(W'>, K;>2].

Using again the fact that S > —Oame» we can employ the previous calculations to show that

2nme

I g [l K] < 28 [8(67 00 K] < aa)e? + 4y [Mea( B [16; )

< 8max {M@(d)& \/M@(d)ng [(Gt_(i’j),Kiﬂ } .

Thus, either E[(G; 7, K;)?] < #CHAMua(@® o 2nme gy (0) | j,)2] < 8\/Mm2(d)CdJE[(G;(i’j),Ki>2],

which implies that E[(Gt_(i’j), K;)? < L6(C+e)* P Mra(d)C” i s sufficient to show that E[U?] < QO% also

c2n?

when the second quantity in (31) attains the maximum. Combining this with (32) and (33) gives

Cd
max {E*[|U,|], Var[U,]} < E[UZ] < Qo5 (34)
and concludes the analysis for the moments for the permuted U-statistic.

e Mean and variance of Uy
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We now proceed with the analysis of the moments of Ujq. This Would be straightforward if we used the

classical normalisation factors n(nl_l) and instead of n2 and 2, and if \ were not random. The

1
m(m—1)

former problem is easy to address. Define

1 T N2p(X i Vke(Xi,, X,
)9 (X, )7 (X, )i ( )

BT 2 T A HE 4 A(Xa))
15 k(Y5 Y5) _i Y Xk (X, ¥;) 35
T m(m 1) j175jzz—1 {3+ 2 (V) +ar(Y,)y S 1;{ +>\7‘ DHE +Ar(v))} )

and observe that Uid — Uiq equals

1 D N2 (X ) (X e (X, Xy 1 S ke (Y5, Y5,
)3 (X, )r (X, ke ( )+ 3 (Y] )

w20 —1), S {2+ X (X HE +2r(Xp)} - mAm—1) S (2 4 (Vi) HE + (V)

Due to the boundedness assumption on 7, this implies that there exists a constant Q1 = Q1(¢, C,7) > 0 such
that

|E[Uia] — MMD3. ;. (f,9)| < [E[Uia] = MMD? . (f, 9)| +E[|Uia — Uial]

< [B{0ia) = MMD (£.0)| + B | s D0 Il X s 3 (YY)
nen i1 #£ia=1 meim J1#j2=1
- Mk (d
< [B{0] ~ MMD?, (/. )] + LY, (36)

and

Var[Uid] < 2Var[0id] + 2Var[Uid — Uid]
Q1 M ro(d)¢? .

< 2 Var[Uiq] + Qﬁ (max ]E[kC(X“,XZz)] + max E[kC(YJUYJz)O < 2Var[Uig] + 5
n? n

11 7$Z2 1#]2

(37)

Thus, since the second terms on the right-hand side of (36) and (37) are smaller or equal in order to that

n (34), controlling the mean and variance of Uiq is sufficient to bound those of Uq.

e Mean of Uy
We now address the harder problem of having \ in Uiq, instead of the non-random quantity \g appearing in
the definition of MMD? ke (f,9). To overcome this issue, for A > 0 define

1) (Xi2)kC(XZ17X )

G = Z {n/m+/\7“( Xi) Hn/m+ Mr(Xi,)}

k(( Jis 12) )kC(XuY)
m; {n/m + Ar(Yj,) Hn/m + Ar(Y; anZ{n/m+ (Xo)Hn/m+ Ar(Y;)}
(38)
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so that Uyq = G(X) By expanding G around Ag using a Taylor sum up to the second order we get G(X) =
G(Xo) + (:\\ — o) G'(Mo) + %(X — X0)2G”()\), where the random X is in between A and Ag. We can use this

identity to bound the mean of ﬁid as follows:

[E[G(N)] — MMD? ;. (f,9)] = [E[G(Xo)] — MMDZ,; (f,g) +E[(A — X)G’(Xo)] + EE[@ — 20)2G" (V)]

S\E[<X—AO>G’<A0>1|+%E[< 20V G (]| < \EIG ~ 202 BHG (30)12] + 5y EIR — o) EHG" (1)

< Qu\/ EHG 00N + Q1| HEHE" (1))

— o/ LEe oo+ L Var[G’(Ao)HQu/l BI{G (D)) (39)

Note that in the first bound we used the triangle inequality together with the fact that the U-statistic G(\p)
is unbiased for MMDik o while in the third one we used Lemma 12. Now, as for the last term, we can use
the fact that 0 < ¢ < r(-) < C to show that the first and second derivatives of A — {n/m+>\r(a:)ﬁn/m+>\r(y)}
are uniformly bounded for all A > 0, z,y € R? and j € {0,1,2}. We can thus argue as we did for the second

term in (37) to get
B{G" (01 < Qi puax B [(Z0,, Z1,)] < QuMrald)C", (40)

As for the first two terms, observe that G'(\g) is a two-sample second-order U-statistic with defining kernel

h(z1, 2,91, Y2) = bxx (@1, ¥2)ke (21, T2) +byy (Y1, y2) ke (y1, Y2) +oxy (21, Y2 ) ke (21, y2) +oxy (22, y1 ) ke (22, y1),
where

L 2Xor(z1)r(z2) X272 (z1)r(x2) A2r(z1)r? (x2)
bxx (21, %2) *= Grmaxor(a ) (nfm b ror@a)) ~ (afmFRor@)? (n/mFrer(@) ~ (mFrer(z) (nfm - xor(z2))?
b ( ) = — r(y1) _ r(y2)
VYW1 Y2) *= = Gmiror )2 (n/mt xor(92))  (n/mAxor(u) (n/mAAor(y2))?
b (x ) — r(xy) + Xor?(z1) + Xor(z1)r(y2)
XY T, Y2) "= = fmixor(@n) (n/mTraor(y2) | (n/mtxor(@))2(n/miAor(g2))  (n/m+xor(z1))(n/m+xor(y2))2 "

Using again the boundedness assumption on r(-) we have that max{|bxx(,-)|, [byy (-, )|, [bxv (-, )|} < Q1.
Now, arguing as in Kim et al. (2022, Equation (69)), we can use Lee (1990, Equation 2 pag. 38) to show

that )
&2 52 1 1
Var[ ( )] < Q2 { 10 ’IE)Ll + <n + m) 5’%2}

for a sufficiently large universal constant Qo > 0, where 5%, = Vary, [EX%YI)YQ{B(Xl,X27Y1,Y2)}], 53 =
Varyl []EXl,Xg,Yg{il(XlaX%Y171/2)}]7 6’%2 = VaI‘X17X27y1,y2 [il(Xl,X%Yl,}/Q)}. It is immediate to show that
52y < Q1 Mra(d)¢? arguing as in (40), while

510 = Varx, [Ex, {bxx (X1, X2)ke (X1, X2)} + By, {bxy (X1, Y2) k¢ (X1, Y2) }]
< 2Ex, [EX, {bxx (X1, Xo)ke(X1, X2)} + EY, {bxy (X1, Y2)ke (X1, Y2)}]
< Z]EXth [bXX(XlaX2)kC(X17X2)} + 2H‘I:thz [bXY(XhYQ)k((leYQ)] < QlMKQ(d)Cd~

The same holds true for ¢2;, and shows that n=! Var[G'(\o)] < Q1 Mka(d)n=2¢?. Finally, we bound
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the expectation of G'(Ag) by |¢¢ * ©r|2 up to constants, where * stands for the convolution operator,
= 2emrf=mg anq oc(z —y) = k¢(x,y). In this regard, we have

n+Aomr

E[G'(Mo)] = Elbxx (X1, X2)] + E[byy (Y1, Y2)] + 2E[bx x (X, Y]

Qn)\OT' (Xl)T(XQQ)fC(Xl — X2) :| +E |: 2)\0T(X1)T(X2) ( X2) :|
L (5 + Ao (X1))2 (5 + Aor(X2)) = +/\07”(X1) = +>\07“(X2))

2r(Y1)pc(Y1 — Y3) B 2r(X)ec(X —Y)
L (s + Ao (Y1))? (5 + )\OT(Y2))} " [( =+ Aor (X)) (5 + )\OT(Y))}
2207 (X)pe(X —Y) (X-Y)

L (3 4 Ao (X)) 2 (2 + Aor(Y ))}HE[(ZJM (X)) (55 + Aor(Y))? ]
y)

)P

)2 B
:/Ru::,ixor ( {<AOTA)O{~(<y)>> o (A<>>}dy>dm
L. %ixfr i)) (/ @“x‘y){<AofA)o];(<Z)>>‘<; v dy) &

g(z) Xor(y) f(y) 9(y)
/Rd +)\o7” (/Rﬁ"“””‘y){< +Ar<y>>‘<;+xor<y>>}dy> e
2(@)fx)  Dr(@)f@) | 2r(@)g) .
Rd{<;+xor<x>> = +Aor<sc>>2+<m+m~<sc>>2}“”C vr)le)d

2r(z)f(z)  2Xor*(2)f(x) " 2r(x)g(z)
ge | (4 +Xor(z)) (5 +Xor(2)? (5% + Aor())?

=—E

—E

n
m

200r(X)r(Y)p

oy

+E

(p¢ * Pr)(@)|dr < Qullec * Urll2. (41)

Combining this with (36), (39) and (40) enables to conclude the analysis of the first moment of Ujq, showing
that

[E[Usa] — MMD?,_(£.9)| < Qoy/n=2¢ +n=1lioc 3. (42)

eVariance of Uiy

Using the second-order Taylor approximation of G (X) around Ao gives
Var[[iq] < 4 Var[G(Ao)] + 4 Var[(A — Xo) G'(Ao)] + % Var[(A = Ao)2 G” (V)]
< Qo(n ¢ + 7 lpe + v [3) +4E[( = 20)* {G' (M) Y] + %IE[(X = 20)H{G" (VY]
< Qo(n=¢" + 1™ o = ) + 4/EIR — MoV EHG ()] + 5/EIR — M) BHG" ()}
< Qo(n%¢! + n e x ¢ l3) + Quv/n 2 E{G (o)} + Q1y/n 1 E[{G"(M)}]. (43)

Note that the second inequality can be proved following similar lines as in Schrab et al. (2023, Proposition 3),
while the last one follows from Lemma 12. Similarly to (40) and (41), we need to control fourth-order
moments of some derivatives of G. Starting from the term involving G”, we can argue similarly to (40) to show

E[G"(VH] < Qin ™  E{Y i, e (Zys Za) 1] < Qun By S B2 (B Zia K2 (Zry 2 Tt
is now just a matter of counting what is the contribution of each term in the sum, depending on how
many indices are shared. In this regard, observe that we have O(n*) terms like E[kg(Zl, ZQ)k?(Zg, Zy)) =
E(kZ(Z1, Z2)|E[kE(Z3, Z4)] < M?k3(d)¢?, O(n?) terms like Ek{(Z1, Z2)] < Mr4(d)¢3? and O(n?) terms like
E[kg(Zl,Zg)kg(Zl,Zg)] = E[E[k:g(Zl,Zg) | Zl]E[kg(Zl,Z3) | Z1]] < M?k2(d)¢??. Since ¢¢/n? = n-wr < 1
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for our specific choice of ¢, this suffices to show that /n=4E[{G"(\)}4] < Qon=2¢%.

As for the term involving the first derivative of G, we have E[{G’(A\o)}*] < 8E[{G’(\o) — EG’(No)}*] +
8{EG'(Mo)}* < 8E[{G'(\o) — EG'(No)}] + Q1ll¢c * ¢, ||3. Hence, it just remains to bound the first term
on the right-hand side. Define hy x (X1, X2) 1= bxx (X1, X2)ke (X1, X2) — E[bx x (X1, X2)ke (X1, X2)] and
similarly for hyy and hxy. We thus have

E[{G' (M) — EG'(Xo)}*]

4
=E nn—1) > hxx (X, Xi,) + Z hyy (Y, Y5,) thy i Yj)
zl;ézQ ]1#]2 1#]
4 4
< 32E Z hx x (Xi,, Xi,) + 32E Z hyy (Y, Y
117512 J175J2
4
+ 32E thy LY | (44)
l;ﬁa

These three terms can be bounded by almost identical arguments so we focus on the first. We expand it
as (= 1) Y0, ) Do i Dintie Doinstis BIXX (X Xip)hx x (Xig, Xig)hox x (Xig s Xig ) hx x (Xiz, Xig)]
and use a combinatorial argument to derive an upper bound. In this regard, we have O(n®) terms with all
distinct indices and O(n") terms with seven distinct indices, but they do not contribute to the sum since their
expectations are zero. This is due to the independence among the X’s and the fact that E[hx x (X1, X2)] = 0.

Moreover, we have

E[hXX(XiMXi2)hXX(X237XZ4)hXX(XZ5aXls)hXX(thX )] < E[hg(X(leXQH

= E[{bxx (X1, Xa)ke (X1, X2) — E[{bx x (X1, Xo)ke (X1, X2)]}*] < 16E[by x (X1, Xo)k¢ (X1, X2)]
< Q1E[kE (X1, X2)] < Q1 Mka(d)¢*,

where in first inequality we used the Cauchy-Schwarz inequality, while in the second inequality we used the
fact that for X, X’ independent and identically distributed we have E[(X — EX)%] < 16E[X*]. Based on
this, the contribution of the O(n*) terms with four or less distinct indices is bounded above by n=*¢3¢. It
remains to bound those terms in which there are five or six different indices. As for the latter case, the only

non-zero terms are of the form

E[hx x (X1, X2)hxx (X1, X3)hxx (X4, X5)hx x (X4, Xo)]
= Elhxx (X1, Xo)hxx (X1, X3)| E[hx x (X4, X5)hx x (X4, X¢)] = E*[hx x (X1, X2)hxx (X1, X3)]
= E*[E[hxx (X1, X2) | X1]E[hxx (X1, X3) | X1]] < E*[E?[hxx (X1, X2) | X1]]
= E2[E*[{ bxx (X1, X2)ke (X1, X2) — E[bxx (X1, Xo)ke (X1, X2)] } | X1]]
< 8E?[E? by x (X1, X2)ke (X1, X2) | X1]] + 8E*[bx x (X1, Xo)ke (X1, X2)]
< QUE[E?[[ke (X1, Xo)| | Xa]] + QiEY[ke (X1, Xo)|) < Q1M w1 (d),
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and since there are O(n®) of these terms, their contribution is of the order n~2. Finally, when there are

exactly five distinct indices we can have three different typical terms:
1. E[hx x (X1, Xo)hxx (X1, X3)hx x (X1, Xa)hx x (X1, X5)] = E[E*[hx x (X1, X2) | X1]] < Q1 M*k1(d);

E[h% x (X1, X2)hx x (X3, Xa)hx x (X3, X5)] = E[h% x (X1, X2)] E[hx x (X3, Xa)hx x (X3, X5)]
= E[h%k x (X1, X2)] E[E?[hx x (X3, X4) | X5]] < Q1 M3 (d)k2(d)C

Elhxx (X1, X2)hxx (X1, X3)hx x (X1, X4)hxx (X2, X5)]
3. =E[E[hxx (X1, X2)hxx (X1, X3)hxx (X1, Xa)hxx (X2, X5) | X1, X2]]
< Ellhxx (X1, Xo)| - E*[|hx x (X1, X3)| | X1] - E[lhx x (X2, X5)| | Xa]] < Q1 M*k1(d);

There are O(n®) of these terms, hence their contribution is of the order (9n~=3. Overall, since ¢¢/n? < 1 for
our specific choice of ¢, we thus have that /n=2E[{G’(X0)}*] < Qo (n2¢% +n~"|¢¢ * ¢b,[|3), which further

shows that
Var[ 1d] < Q { ||(pC 2¢r|2}

when combined with (37), (43), and (44). This concludes the analysis for the first two moments of the

non-permuted sample.

¢ Relating the squared Shifted-MMD to the L? distance
Applying the previous argument with (27), (34) and (42) and using the fact that /z +y < /z + \/y for

x,y > 0 shows that a uniform control of the Type-I and Type-II errors is possible whenever

/2 * .
MMDE  (1.9) > Qo { S+ L

We now conclude the proof by relating the squared Shifted-MMD metric to the L? distance defined in (13),

thus providing an upper bound on p}:. We have

MMD?,_(f / / e — Y (@) (y dwdy—/ Gr(2) (¢ * ) ()de
= (UrpcxUr)2 = 5 (II%IIQ +llpe * ¥rll3 = llor — ¢ *9rll3) |
hence an equivalent sufficient condition to bound the total error is given by

C a2 * P2

e

[0l = [l — p¢ % ¢r 3 + Qo
This can be further simplified to just ||[¢,[|2 > [[vr — @ * ¥r||2 + Qo n~1¢%? in light of the fact that

QBlloc+ nlB Q3 Q3¢
VR o 3 < =0+ e x rll3 — o i < <B—,

as ¢ > 1 and /zy < z +y for x,y > 0. Furthermore, we can argue exactly as in Schrab et al. (2023,
Theorem 6) and show that if 1, € S5(L) we have ||t — ¢ * 9, [|3 < Qs|¢]|3 + Q4 (24, for some constants
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Qs € (0,1) and Q4 = Qu(d,s,L) > 0. This shows that for ¢ = n¥rd there exists a constant C, =

Cr(c,C,d,7,M,s, L,«, 8) such that
Cd/Q Y
pr < Cp o + (725 =Cpn Tt

and completes the proof. O

Lemma 13. Fir subsets I C [n] and J C {n+1,...,n+ m}, and modify Step 3 of Algorithm 1 to be:
Sample a vector of couples 7. = {(i%,j}),..., (i%, j4t)} such that (i%,...,i%) are sampled uniformly and
without replacement from [n] \ I, and (ji,..., ;%) are sampled uniformly and without replacement from
{n+1,....,n+m}\ J. Keep all the other steps the same. Then this algorithm still has (4) as its stationary

distribution.

Proof. The key observation to make here is that all the steps that led to (18) in the proof of Proposition 2
remain valid in this other setting. The only difference lies in the fact that the Markov chain associated
with this new algorithm is not irreducible, and hence it will not converge to (4) if we let it run long
enough. Nonetheless, (4) is still a stationary distribution, and we will now show this by proving a detailed
balance condition. Let K = min{n — #I,m — #J} and let P be the set of all K couples of the form

{(i1,71),---,(ix,jx)} such that (iy,...,ix) contains distinct elements from [n]\ I, and (ji,...,jx) contains
distinct elements from {n +1,...,n+m} \ J. For all t € N, and all permutations p, p’, we have
1

P{P,=p | P1=p} = ZP{Pt:p/|Pt—1:vat:T}v

‘P| TEP
since at each time ¢ this new algorithm draws 7 € P uniformly at random. Next, given 7 = 7 and P;_; = p,
it must be the case that P satisfies P, ~, p, since this new algorithm still uses Steps 4-5 of Algorithm 1.

Arguing as in (17) gives
P{Pi=p |Pa=pn=1; P{P=p7}
P{P,=p" | Py=pm=17} P{P=p"}

which implies that

1 1{p' ~; p} -P{P =p'}
P{P,=9p' | P_1= = — .
{Pr=p"| -1 =p} |7>|;SZP/IIL{P"NTP}'P{P:P"}

This concludes the proof by analogous calculations to those in (18). O

Proof of Theorem 10. For simplicity, we assume n = m throughout the proof. The more general case
m < n < 7m corresponds to a simpler problem, as it involves a larger sample size; thus, the lower bound

derived here remains valid in that setting. For varying densities p, ¢ on R? define the set

S0 =5i0) 0 { == fy =2 (1472 ) gy =ra (140 24 ) C S50 a9
Tp Tp

where v, = % and v, = ﬁ, with A = [, p(z)/r(z)de and B = [, q(z)r(z)dz. One can

easily check that fRd folz)dz = fRd gq(x)dx = 1 for this specific choice of v, and ~,. As a result, for any
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test ¢ € ¥(a), and for all prior distributions pg, 1 supported on Hy and 35 (p), respectively, Equation (45)

shows that we can bound the total error probability as

a+ sup Ep(l—¢)> sup Epp+ sup Ep(l—y)

(£,.9)€S5(p) gorf (£,9)€Sg(p)
> sup Epp+  sup  Ep(1—¢) 2E,{Epp} +E, {Ep(1—¢p)} >1-TV(E,PE,P), (46)
gocrf (f£,9)€S§(p)

where we recall that P = P}@" ® P!]®". This demonstrates that controlling the total variation distance above
is sufficient to obtain a lower bound on p;. We proceed to do so for specific choices of po and p1, using a
classical perturbation-based method originating from Ingster (1987) and recently employed in two-sample
and independence testing problems in Albert et al. (2022) and Li and Yuan (2024). Start by considering
q0(z) = q1(z) = po(z) = I{z € [0,1]?} and define A; = [, pi(x)/r(z)de and B; = [, q:(z)r(z)dx for
i €{0,1}. We can assume without loss of generality that f[Oyl]d r(x)dx = 1 so that By = By = 1; otherwise,
since the problem is scale invariant, we might replace r with r/ f[O,l] + r(z)dz without affecting the minimax

separation. Finally, define p; to be a perturbation of py of the following form. Let M be as in (53), fix

1/s
g _ | [ _Ve@m)PL and o, = 2UF) g
" 2/2(1+¢) Mp c "

and consider {¢1,...,¢p,} as in (52) in the proof of Lemma 14, i.e. an orthonormal set of functions in
L?(R9) whose supports are disjoint and contained in [0, 1]¢, and satisfy

/ oe@dr = [ D gp 0 forall ke [By). (47)

Rd re T(2)

It is convenient to recall that the ¢y’s are of the form ¢y (z) = H% k”2 b0, k(B {x where 20 is the

201
;. )
: ll¢o,xllss v 120l . .
lower-left corner of their support, and the ¢o x’s satisfy maxe|p, ] oo k”2 Ve < M, with || - ||s

defined in (49). Based on this, we define

B
p1(x) = pra(z) = po() + 6, Y ar, ¢(x), (48)
k=1
where a = (ai,...,ap,) is a collection of i.i.d. Rademacher random variables, meaning that P{ay = 1} =

P{ay, = —1} =1/2 for all k € [B,,].

With these definitions in mind, let f; := f,, and g; := g, for ¢ € {0,1}, with f,, g, as in (45). Now, it is
clear that (fo, go) satisfy the null, thus we just need to check that (f1,91) € Sj(p) for all a € {+1}5n, which is
required to ensure that the distribution p; that assigns equal probability to each of them is indeed supported
on Sj(p). We may assume that || 1]l V ||91]lcc < M; otherwise, it suffices to choose po(z) = 1{z € [0,u]?}
for u > 1 sufficiently large and construct a perturbed version of it as in (48). This is clearly sufficient for gy,

since the prefactor of ¢ in the definition of g, in (45) depends on 7, which is uniformly bounded. A similar
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argument applies to f;, taking into account that the magnitudes of the bumps are bounded as

B,

105, Zak¢k||oo <4, maXqukHOO <, Bl/2 max 90,4l < ]\Zl'énB}l/2 <p<sl.
2 ¥ ol
As for the conditions involving 1,., observe that
Aorfi—g1 14717/
U = = 8101 (31,1 = Yy 1) = Yo (91— 1),

lJr)\o’I” 1+>\0T

since g = 7q, /p, satisfies [, ¥ (x)dz = 0. Hence we need to verify that vy, [[p1—qi ]2 > pand vq, (p1—q1) €
S5(L). Start by noticing that for all a € {+1}5" we have

c

1> (VA ) 72> (24; +2 -
2 Vg = 11 1+2)7 S ETh

as

By,
Ay = / pl(m)dx :/ 2ol + 0 i Ot qsk(x)ébc o / pO(x)dm < L
R R¢ R ¢

a 7(z) r(z) a r(z)

Then, as for the condition involving the L2-norm of 1,., we have

2

B 2
22 1 — a1l =2, ||6n Zak || =77.0n

s (o)

” c
7%152 ak/ 3 (x d:cffy(h(; B, 2(1+C)523n:4p2>p2
k=1

for our particular choice of §,, and B,,. As for the smoothness condition, define for notational convenience

the norm

Iplls; = /Rd €13 dé, (49)

so that S35(L) = {p € LY(RY)NL3(RY) : ||p| ?95 < (27)?L?}. Furthermore, since the iterated Laplacian (—A)*

of order s € N, is the Fourier multiplier with symbol ||¢]|3%, Plancherel’s theorem gives

[ 16l 5@ 36 de = [ (~8)%6n(e) B =

Rd

since (—A)*¢; is a combination of derivatives of ¢; of order 2s, and ¢, ¢ have disjoint supports. This

B
— 52 / )z
R4 k=1

implies that

=02 d¢

On Zak¢k

T o1 = aills; < o1 — aulls; =

B, 2 . 2
Z ag P Z ar oi(€)
k=1 -

S3

Sa
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2

B1/2 -
< 52B, max/ €128 ()‘ d¢ = 2B, max/ [I9lEx 0Tl o w(Ba - — 2d1)(€)| de
S / ez [ B osestige (f/Bl/d>2 ¢ = sfix / 1€12° |don(e/BYS[ ae
- Téoxl2 OIS P =1 JlbolI3 2 [PRERT
:rﬁf‘:i( / 1B/ ¢|l5° ()] B, d¢ = 62B, max||q;00kk”|Ed < I?82B, 7 < (2m)0L?

for our particular choice of §,, and B,,.

It remains to control the total variation in (46) for this specific choice of 1,0, and B,, and assess for
which values of p we can bound it above by 1 — a — . Writing f1 = f1,, and g1 = g1, to highlight their
dependence on a € {£1}¢ through p;, and using x? for the chi-square divergence, we look at

ATVA(PE" @ PE™ Bo{PE" @ PE"}) =4TV? | PRt @ Pem 275 Y~ PP" @ PR

go 7 91,a
ac{£1}d
2 ® ® - n & ®
<X | PP e pEn2 > PP @ PEn
ac{£1}d
— 2*2371 Z / 1 a1 1’2 91,a, y]) H fl ag H 91,a, y] dPO
a1,a2€{+£1}4 =1 gJo y]) i1 go y]

_ 9—2B, n fl,a1(l'i) fl a2( ) ) da 910 y] glﬂlz(yj) | |
L (H him) iz ”“) H/Rd %) o)

ar,ase{+1}¢ \i=1’R? 90(y;)  90(y;)

_yon fraon(@1) fros (@) ) ([ 2l o )
- a1,a2§{:j:1}d< Rd fO(xl) f()(xl) fO(xl)dwl /]Rd g(](yl) g()(yl) go(yl)dyl (50)

where we set dPy = ]\ fo(zs) H?=1 go(y;)dzdy. We now focus on controlling the integrals in the last
display. As for the latter, Equation (47) implies that Ag = Az, hence 7,, = vp, and v4 = 7¥4,- This gives
Lol 1{z € [0,1]¢} for all a € {£1}%, and further shows that the second integral in (50) is equal to one.

“goly1)
(=) & gula)
(l’) > (1 + 6, k5=1 a2,k o (x) ) fo (x)dx

As for the other one, similar calculations show that

f17<11 (.Z‘) f17<12 (.Z‘) _ o Pk
P ey et = | (”‘5“;‘“%

B, 2 B,
B 2 By
=14+62 ; aq,,02 k/ ig((i)) fo(x)dx + 0, ;(al,k +as, k) " ﬁ’(j((z)) ];0((;)) (Ypo + 7 Vg0 )dx
B, 2 By
=1+ 5 kz:l aq, ka2 k/R ig((i)) fO(x)dl' +0n I;(al,k + aQ,k) {’YPO /]Rd ik(;x)) dr + Yq0 /Rd (j)k(.’[)dl'}
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2 o i ()
= k) d
14462 ,;:1 a1,502 k o 22() fo(x)dz (51)

where the second equality follows from the fact that ¢, and ¢, have disjoint support when k; # ko, and
the final equality uses condition (47). Combining (50) with (51) then shows

B, 2 n
X
ATV (PP @ PO B {PP" @ PE"}) <2728 ) (1 +62) a1 kazk /Rd ¢’;< )fo(x)dx>
k=1

ar,ase {41} po(as)

B " By, "
=Eq, as <1+5721kz_:1a1,ka2,k (bk((;)fo( )d ) ]Ea <1+5il§ak y ié((j))fo(ﬂf)@) ]
B
ex n 2 : a ¢%(ZL‘) X )ax = I COS n 2 ¢k( )
SE“{ p{ 52 f Pl H ,E (vt [ o)

| B, [ ¢2(x) 2 1 e [ ey ’
< - 254 k — 2 Po q0 42
< exp { 2Bnn o (Ilgl:i{ i P2() fo(z)dx 2Bnn 6 mé i /]Rd ) ¢ (z)dx
2
< exp { CJ;C Bnnzcﬁt} ,
c

where in the last step we used the fact that ¢ < r(-) < C together with v, = (VAo + 1)7! < 1 and
oo = Ay Py, < AFY? = {fgapo(z)/r(z)}~1/2 < V/C. Now, being B,n?5% of the order n2p* " the
previous shows that there exists a constant ¢, = c¢,.(¢,C, 0, ,3) for which the previous display is upper

bounded by 1 — a — 3 whenever p < ¢,n~2%/(45+4)  This concludes the proof. O

Lemma 14. Let r : R — Ry be such that 0 < ¢ < r(x) < C for all x € Re. Fiz an integer B, > 1 such
that B,ll/d € Ny and write b, := B;l/d. Partition [0, 1]d into the By, disjoint cubes

d
Qk = [[lijbn, (ij + 1)), with k = (iy,...,iq) € {0,...,by 1 —1}%,
j=1
and denote the lower-left corner of Qi by x%. There exist functions {¢o 1, .., ¢o0 5, } supported on [0,1]¢

satisfying the following conditions:

(i) For all k € [B,)

bx B,/* Bl/dfy _ 0
K(z) = Toorlh Go.k(By {z — 2}})
is C*(R?) and satisfies
R Or(@)dv = Rd q:"k(f)) dw =0, lowl, =1, Supp ¢ & Qr;

(ii) There exist a constant M > 0 such that

a {¢0k|55\/ , }SM
[Pokllz — lldokle
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Proof. We will start by proving part (i). Consider the standard C*°(R) bump

exp (—ﬁ) , ot < 1,
07 |t| 2 17

and define f (y1) = n(6y1 — 1), f—(y1) = n(6y1 —3) and fo(y1) = n(6y1 —5). It is immediate to see that fy,
1
3

f— and fy are supported on [0, %], (%, %] and [g, 1], respectively. Based on this, define three bumps in R by
d d d
o+ () = f+r) [Inw), o) =) [[nw),  dow) = folyr) [ n(w)

for all y = (y1,...,yq4) € RY, and observe that all three functions are in C*°(R%) and supported in [0, %] X
[0, 1971 [£, 2]x[0,1]4! and [2,1]x[0,1]4!, respectively. Fix a cube Q; and write points in it as z = 29 +b,y
with y € [0,1]%. Because 7! is bounded on Q, each of the numbers

B o+ (y) B o—(y) B bo(y)
= / r@l + b)Y = / @t bog) T / @ + b)Y

is finite and strictly positive. If aj # by, set

b — cx ap — cx

up = U = sw =1 and G0.k(y) = ur ¢+ (y) — vk 0 (y) — wrPo(y)-

by, — ax b, — ay

If instead ar = by but ax # cx, we switch the roles of ¢_ and ¢g and apply the same formula. Finally, if
ar = by = ¢k, we simply set up, = w,, = 1 and vy, = 0, so thaty ¢or(y) = ¢4+(y) — ¢o(y). A straightforward
calculation shows that ¢g , has zero average both with respect to Lebesgue measure and with respect to the

weight ! evaluated at x% + bny:

®o k(y)
dy = d — v — = ) dy = —onb — '
y do.x(y) dy ( g o+ (y) y) (ug — v —wg) =0, /]Rd 7“(.%‘2 T buy) Y = upap — Vb — wiep =0

We now verify that the function

Bl/2

o) = 15T

b0, ;C(B1 diy — xk}) (52)
satisfies the desired properties. Because dz = b%dy = B;, 'dy, the two zero-average identities above translate

to the x-scale, yielding
Pr(x)

dr = 0.
i (@)

or(z) dx =
R

Moreover ||¢x |3 = B, “¢0,k||52

cubes do not intersect, hence for k; # k2 we also have (¢x,, dr,)2 = 0. This completes the proof of the of

the support of ¢y is contained in Qj, and different

first part of the statement.
As for part (ii), set Jy := ||¢4|le = ||o—|le = [|dolle for £ € {o0,2,S7}, and observe that these constants
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depend only on the shape of the function 7. The disjoint structure of the supports of ¢, p_, Py gives

160 koo = Joo max{|ug|, vk, |wk|}
o.klle = J2/ui +vi +wj
do.kllss = Jss\/uf + v +wi

for all k € [Bg], and implies that

borllss _ Jsg o ldokllee _ Joomaxfunl, vl [wel} _ Joo(luel + [vel + [wil) _ V3Jw
okl 2 60,2 JoJui +oi+wi T hJuitoi+wi T

Note the denominator is always well-defined for our choices of (ug,vg, wy) as ui +vi +wi > 1. This shows
that the claim in part (i¢) holds with
~ JS; V3Js

M = vV
Jo Jo

and concludes the proof of the lemma. O

A.3 Proofs for Section 4

Proof of Proposition 11. The reason we cannot directly apply Theorem 1 or Proposition 3 is that, although
HJ holds for a certain r,, the DRPT procedure now generates Z MW, ..., ZMH) ysing an approximation 7 to
.. To address this mismatch, let X = (Xl, . ,Xn), Y = (171, . ,f’m) be such that X 1L Y, X; b f and
Y; bl 7 f. Define Z = (X,f’) and let Z() ...  Z(H) be draws of the DRPT based on 7 when we sample

from the values of Z instead of Z. That is, for every h € [H] independently we have

Zz(h) — Z(ﬁ(m) where P{P(h) =p] Z()} x H ?(Z(p(i)))7
i€{n+1,....,n+m}

where Z() and Z(p) are defined analogously to Z() and Z(,). Next, by comparing to the DRPT sampling
mechanism (4), we observe that the ZM)’g, conditional on Z, are generated with the same mechanism as the

Z(M)’s conditional on Z. That is, for every z € X" x Y™ we have

((ZU), L2y Z = z) 4 ((z<1>,...,Z<H>) 1 Z = z) .
We can verify this also for the exchangeable sampler (Algorithm 2) with a generic parameter S > 1. We can
now use the fact that, if (V | U = u) L (V' U = w) for all u, then TV((U,V),(U', V")) = TV(U,U"). Tt

follows that

TV ((Z, ZW 2y (7,70 Z(H))) —TV(Z,Z) =TV ((X, V), (X, Y))

=TV(Y,Y) =TV ({r- f}*" {7 - [}*"). (54)
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We are now in the position to conclude the proof. If we define

H h
Ay = {(2’72(1)7...72(11)) : 1+Zh:1 ]11{7—;(2 )) > T(2)} < a},

we can bound the Type-I error as

P{p<al=P{(2,zV,...,2) e 4,}
<P{(Z,ZMV,...,ZU)c A} + TV ((ZZ“), L2 (2,20, .,Z(H)))
=P{(Z,2W,..., 2y e A} + TV ({7 f}&™ {7 - F}5)
<a+ TV ({7 f}o {7 - f197),

where the first inequality follows from the definition of Total Variation distance, the second equality from (54),
and the final inequality from the exchangeability of (Z AN At )). This arises from the fact that the
Y;’s are i.i.d. from a distribution proportional to 7 f, and the DRPT copies ZW . ZH) gre generated using
the same approximation 7. This argument holds whether the permutations are sampled i.i.d. according to (4)

or generated via Algorithm 2, and thus concludes the proof. O

Appendix B Analysis of the discrete DRPT

In this section we provide some further insights for the discrete DRPT presented in Section 2.1. For the case
X =Y =/1{0,1} (i.e. J=1), we recall that the testing problem (1) is equivalent to

L9 _nf

HO )
go  7ofo

for rg,71 > 0. As a result, we may assume without loss of generality that ro = 1, since our interest lies
solely in the ratio 1 /ro, and r; = r > 1; if this condition does not hold, we can simply switch the roles of
f and g and consider 1/r instead. Now, it is instructive to analyse the behaviour of the sample mean of the

permuted data. In this regard, Lemma 7 implies the following unconditional result:

Corollary 15. Let Ny = Z;::L Zo(;), where o is sampled according to (3). If n/m — 7 > 0, then

E[(m™'Ny.)¥] — F for all k € N as n,m — +oo, where

thio | (r=D) I (thitg)+r+r—/(r+r+ (=D (T fi+91))2—4(r—D)r(r fr+91) ifr>1
n(fi,91,m,7) =7 = T+l 2(r—1) ,
T'ﬁij{“ ifr=1.
(55)

Proof. Let u be the counting measure and equip the set {0,1} with the discrete topology. Lemma 7 in

Section 3 gives

n+m

1 P

=3 92 T [ elrf + g - Thac)dn,
j=n+1
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for every bounded and continuous function ¢ on X, where

Tf+g

hoo = 7 Ao (F1{- =1} + 1{- = 0})

and Ao > 0 is the positive solution of

_/h gy Thto  Thote _thte Thto  T+1
TH Aol THAo THAT THAo T+

As X =Y ={0,1}, we can choose ¢ = id and obtain that

Tfi+ o
7'7:

I P
m NG, — Tfi + g1 —
Y,1 Tf1+ g1 T+ At

11,

where in the last step we simply plugged in the expression for Ao, which can be found explicitly by solving
the equation above. We have thus established that m_lN{Z’l LN 71, which implies the existence of a sub-
sequence along which convergence holds almost surely; applying the dominated convergence theorem yields
E[(mlegl)k] — ~F for all k € N along this subsequence, and by the uniqueness of limits, the convergence

extends to the entire sequence. This completes the proof. O

This result shows that m_lN{i’l LN 71, which offers a more explicit interpretation of the result in
Lemma 7 and emphasises the intricate dependence of the limiting distribution of the permuted data on the
initial parameters (f1, g1, 7,7), even in simple cases. Interestingly, under the null hypothesis, v1 = ¢1, as
expected. Furthermore, if » = 1, we find that v; = (7f1 + ¢1)/(7 + 1), reflecting the fact that the DRPT
selects permutations uniformly at random when r = 1, consistent with (8). Similarly, we can establish an
analogous result for the convergence of n=! > " | Zs(i) to v1, where vy satisfies 7f1 + g1 = Tv1 + 71, by

leveraging the constraint that the total number of ones must remain conserved.

Coming to power results for the case J > 1, we already know by Theorem 6 that the discrete DRPT
is consistent when IPMs which are functions of (V: Voo Ny, ;) are used as test statistics. We now prove
another consistency result for a different choice of the test statistic. In this regard, observe that in this

setting the null hypothesis (1) is equivalent to

Ho: % = Tili gor e ),
go  Tofo

for fixed r = (rg,7r1,...,75) € RJ+1. As before, we can assume ry = 1 without loss of generality. This

motivates the introduction of

J
1 _
— Z ‘7" 1/2NY] (toto — Nyg) — 1‘/2N§,0(t0tj =Ny )| (56)

which serves as an estimator of D(f,g) = D"(f,g) := Zje[]] rj_l/ gijfo— r f]go‘ which is a population

measure of discrepancy that characterises the null. We can prove the followmg.
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Proposition 16. Fiz o € (0,1) and H > [1/a —1]. Let X =Y = {0,...,J} =1 J with J > 1,
r=(ro=1,r1,...,75) € Rf‘l, and let Hy : g; o< rjf; for all j € J. Then, if n/m — 7 > 0, the discrete
DRPT using (56) as its test statistic is consistent for Hy.

Proof. Let p be the counting measure, and equip the set 7 with the discrete topology. Then, Lemma 7 gives

o n+m
Ny, 1

S 1Zo = i} 5 /11{~ — JHrf 49— Thadn

m m

i=n+1

J

] Tfk) + gk )\oorj

- Ik = TIe+ 9k —T }: T +95),
kzzo { j}{ fitg T+ AooTk T+>\oo1"j( fi+9;)
where )\, is the positive solution of
J
/M oy ko
T+)\007" kfoT—’_)‘oork

As a result, the generic j-th term of the test statistic (56) converges in probability to

1 ~1/2 rro - 1/2 nro o
e, {Tj / Ny ;(toto — Nyg) — Tj/ Ny o(tot; — NY,j)}

nm
P —1/2 ATy _ VS Thotge 1 Axro
ERE T+ AooT; (7/; +gj){ T T T+ Aol (7fo + 90)
1/2_ AscTo Tfitg 1 Axry L
T T4+ AsoT0 (7o + 90) { TT+ Aol (715 +95)
—1/2 Aot (1 — 1)
= 1 o+ 90T+ 9) e e T
o0 ool

since rg = 1. This shows that T(Z,) %5 0, and since T(Z) N D(f,g9) > 0 under the alternative,
consistency follows exactly as in the proof of Theorem 6. O

Finally, coming back again to the case of binary data, the dependence of the minimax separation on r
can be analysed more effectively compared to Theorems 9 and 10. In this regard, let X =Y = {0,1} and
r > 1, and and consider the measure of discrepancy defined above, i.e. D(f,g) = ‘T‘l/gglfo — r1/2flgol.
Similarly to Remark 2, this quantity remains unchanged when taking reciprocals — in other words, it is
invariant under swapping the zeros and ones, and the X’s with the Y’s. Now, for fixed » > 1 and p > 0,
consider

L9

Hy &=l

=r
90 fo
Write W for the set of all tests, that is randomised functions of (Xi,...,X,,Y1,...,Ys,), and ¥(a) for the

set of tests of size o, with o € (0,1). For 8 € (0,1 — «), we may define the minimax separation as

vs.  Hi(p):D(f,9) > p.

por=pr(n,m,a,B) :=inf<p>0:a+ inf sup Ep(l—-¢)<a+p;,
PEL() (f.9)€H] (p)

where P = P}Xm ® PP™. We now prove a lower bound on pj.
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Proposition 17. Let p* the minimaz separation defined above and suppose that o+ 5 < 1/2. We have that
pr(n,m,a, B) > \/W{l —2(a+B)}.

Proof. For 0 < p? < 7, consider

(1+ )

(11 1 7 _((1=7 1+~ 1 _r
1 =((22) (1)) = o= () (o))

with v = 1\}'{,0. Observe that D(f(©,¢(®) =0 and D(fM),¢)) = p. We will use the well-known fact that

the squared Hellinger distance between two discrete probability distributions p, g supported on [J] is given
by

H(p,q) = Y (Vbi = vai)*.

i€[J]

Writing Py for the Bernoulli distribution with parameter f () for i € {0,1}, we thus have

r

H2(Pf(0),Pf(1)):;{(l_m)2+<1_m>2}S72:(1+r)2p27

where the last inequality relies on (1 — /1% z)? < 2 , and further shows that H*(Pjw), Pra)) < 1 since

p* <

< (1 H . We can then bound the minimax risk using a standard Le-Cam two-point argument as

a+ sup Ep(l—¢)> sup Epp+ sup Ep(l—¢)

(f,.9)€HT (p) (f,9)€Ho (f,9)€HT (p)
>1-TV (P @ PS5, P @ P@?;?) > 1= {1 (g, P ) + TV (RS, PR )

2n

o om 1 1
=1-TV (PJ?;O),P]%%U) 25 (1 -3 H (Pf(m,Pf(l))) 25 (1 —=nH*(Pso), Pry))

>1<1_n(1+7°)2p2)7
2 r

where in the fifth inequality we used the fact that (1 —x)™ > 1 —nx for n € N and < 1. The last display is
lower bounded by a + 3 if and only if p? < n(++r)2{1 —2(a+ B)}. Note that 0 < p? < ﬁ is necessarily
satisfied since n > 1 and 0 < o + 3 < 1/2. Switching the roles of £ and ¢ in light of the symmetry
between the X'’s and the Y’s concludes the proof. O

Proposition 17 suggests that the testing problem is the hardest when » = 1. As already mentioned in
Section 3, this is accordance with the goodness-of-fit (GoF) testing problem, where the goal is to test the
null hypothesis f = fy for a fixed density fy, based on i.i.d. samples Xi,...,X,, ~ f. In the GoF setting,
the minimax separation rate depends on the choice of fy, and it has been shown that the problem is hardest
when fy is the uniform distribution (see Balakrishnan and Wasserman, 2019). In complete analogy, and
according to the simulation results in Section 5.1, Proposition 17 seems to indicate that » = 1 corresponds
to the harder testing problem. In other words, more extreme shifts should be easier to detect. We validate

this conjecture through simulations on synthetic data. Here, we replicate the setup used in the proof of
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Proposition 17, selecting

1= 14 1 T . 1+7r
rydr) = ) ) ) th . = .
(fr29r) (( 2 2 ) (1+r 1+r>> W NG K

In Figure 8, we assess the performance of the discrete DRPT using (56) as its test statistic over 3000
repetitions with n = m = 500, r € {0.1,0.5,1,2,10} and plotting an estimate of the power function for
varying n € {0,...,0.1}. The results empirically support the tightness of the lower bound of Proposition 17,
demonstrating that the power of the discrete DRPT increases when r moves further away from 1.
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Figure 8: Simulation study with synthetic bi- Figure 9: Analogue of Figure 7, also including
nary data for varying r € {0.1,0.5,1,2,10}. results for the discrete DRPT based on (56).
The discrete DRPT was implemented us- Legend: 'V corresponds to the test statis-

ing (56). tic (11), and D to (56).

Establishing the optimality of the rate 1 /\/W is more delicate. While the two-moment method
used in the proof of Theorem 9 suffices to derive an upper bound on p}, it yields a loose dependence on r,
even though it accurately captures the scaling with n and m. Specifically, we can show that Var[T'(Z)] < r/n
and Var[T(Z,)] < r?/n. The first inequality follows from the independence between the X’s and the Y’s,

while the second relies on the following proposition, which we include for completeness.

Proposition 18. Assume r > 1 and X = Y = {0,1}. Define Ny, = S Zo(i), where o is sampled
according to (3), and let v1 be as in (55). Then

E[(Ny, —my)?] < (L+r)nAm+2f1(1— fi)n+2g:1(1 — g1)m.

Proof. All the expectations are to be intended conditionally to Z. We will assume n = 7m throughout the

proof to simplify the computations. Write 7 = tot;, and define

. (n=T+x)x

B r(T —z)(m —x)
L= (14 r)nm '

d 5 =
an Pz (1+r)nm
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Figure 10: Analogue of Figure 4, also including Figure 11: Analogue of Figure 5, also including
results for the DRPT based on (56). Legend: U results for the DRPT based on (56). Legend: U
corresponds to the test statistic (12), V to (11), corresponds to the test statistic (12), V to (11),
and D to (56). and D to (56).

Let v(7") be the solution to pj = p3, i.e.

~T) = ! ){(Tfl)TJrnqumf\/[(rfl)TJrn—rm]QJrélrmn}.

2(r—1
We will show that E[(Ny, —(7))?] < H5=n Am and E[(my; —~(T))?] < nfi(1— f1) +mgi(1— g1), which
imply the desired result since E[(Ny; —my1)?] < 2E[{Ny; —(T)}?] + 2E[{m~y1 —v(T)}?]. Now, as for the
latter, observe that m~y; = v(nf1 + mg1), and that ~(-) is 1—Lipschitz. This is due to fact that

/ |(r — D)z +n—rm)|
Y (z)] < 3 ( + o =Dz +n—rmp +4rnm> = b

Hence,

E[(my1 = (T))?] = El{y(nf1 + mg1) = v(T)}*] < E[{(nfi +mg1) - T}?]

S x

i=1

m

DY

i=1

+ Var =nfi(l - fi) +mgi(1 —g1).

m 2
=E {(nf1+mg1)ZX¢ZYi} = Var
] =1

n
=1 7

As for the other term, start by noticing that Algorithm 1 works the same if at every time step ¢t € N we just
choose a single couple (i, ) with i € [n] and j € {n+1,...,n+m} at random, and then switch Z,, ;) with
Z4,(;) With probability equal to rZe@ [(rZo) 4 rZoG)). This is not efficient from a computational point of
view, but simplifies the proof, since every time step ¢ corresponds at most to one switch. Now, let K; be the
sum of the last m observations after ¢ steps of this simplified algorithm, and observe that it has the same

distribution of Ny, for every ¢ € N when the procedure is initialised at stationarity. Thus, for v = ~(T) to
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ease notation, it follows that

E[(Ker1 — 7)1 K] — (K — ) = pi* + pit + 2{(p5* — p3) — (" — p])} (K — )

. S m\/[(r— DT +n—rm]? + drmn + M(Kt —7)°
<1- m\/[(r DT +n —rm]? + 4rmn + W(K —7)?
—1- m {\/[(r— DT +n—rm]2+ drmn — (r — 1)(m—’y)}

—1- ((ﬁ;)zzi {\/[(r DT +n—rmP2 +drmn+ (r — )T +n— (r — 2)m}
<1- ((ﬁ;)zb); {r = )T +n—rm|+ (r — )T +n —rm + 2m}

Taking expectation with respect to K; under stationarity yields

01— B — (Y] = 1 = BT — (T,
implying 14
E[{NY, AT} < ——n.

By symmetry, we can repeat the same computations for N% | := T — Ny, and v(T) :=T —(T) and get

< 1+7r

E{NY: =7 (T)Y] = E{N% . —v(T)}?] < ——m,

which gives E[{Ny, —~(T)}?] < H%n Am and concludes the proof. O

Finally, Figures 9, 10, and 11 present the performance of the discrete DRPT method using the test
statistic (56), and compare it with the results from Section 5, where the statistics (11) and (12) were
employed. The findings indicate that in the synthetic data scenarios (corresponding to Figures 4 and 5),
(56) appears significantly less powerful than the RKHS-based approach discussed in the main text, while in

the Frisk example in Figure 9 the two methods seem to be equivalent.
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